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Linear Systems Theory

® Natural discrete-time signals can be characterised as random
signals, since their values cannot be determined precisely;
they are unpredictable.

® Consider an experiment with outcomes S = {(x, k € Z™*},

each occurring with probability Pr ((;). Assign to each (;, € S

a deterministic sequence z(n, (x|, n € Z.
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Linear Systems Theory

® Natural discrete-time signals can be characterised as random
signals, since their values cannot be determined precisely;
they are unpredictable.

® Consider an experiment with outcomes S = {(x, k € Z™*},

each occurring with probability Pr ((;). Assign to each (;, € S

a deterministic sequence z(n, (x|, n € Z.

® The sample space S, probabilities Pr ({j), and the sequences

x|n, k], n € Z constitute a discrete-time stochastic process,

or random sequence.
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Linear Systems Theory

® Natural discrete-time signals can be characterised as random
signals, since their values cannot be determined precisely;
they are unpredictable.

® Consider an experiment with outcomes S = {(x, k € Z™*},

each occurring with probability Pr ((;). Assign to each (;, € S

a deterministic sequence z(n, (x|, n € Z.

® The sample space S, probabilities Pr ({j), and the sequences

x|n, k], n € Z constitute a discrete-time stochastic process,

or random sequence.

® Formally, z[n, (;], n € Z is a random sequence or stochastic
process if, for a fixed value ng € Z* of n, x[ng, (], n € Z is a
random variable.
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® Natural discrete-time signals can be characterised as random
signals, since their values cannot be determined precisely;
they are unpredictable.

® Consider an experiment with outcomes S = {(x, k € Z™*},

each occurring with probability Pr ((;). Assign to each (;, € S

a deterministic sequence z(n, (x|, n € Z.

® The sample space S, probabilities Pr ({j), and the sequences

x|n, k], n € Z constitute a discrete-time stochastic process,

or random sequence.
® Formally, z[n, (;], n € Z is a random sequence or stochastic
process if, for a fixed value ng € Z* of n, x[ng, (], n € Z is a

random variable.

® Also known as a time series in the statistics literature.
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® Natural discrete-time signals can be characterised as random
signals, since their values cannot be determined precisely;
they are unpredictable.

® Consider an experiment with outcomes S = {(x, k € Z™*},

each occurring with probability Pr ((;). Assign to each (;, € S

a deterministic sequence z(n, (x|, n € Z.

® The sample space S, probabilities Pr ({j), and the sequences

x|n, k], n € Z constitute a discrete-time stochastic process,
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Real space
x(n, ) Ensemble of realisations

REREEE 2

Abstract
sample space, S

Random variable x(7,, {)

Realisations
of the random
processes

A graphical representation of a random process.
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Linear Systems Theory

The set of all possible sequences {x|n, (|} is called an ensemble,
and each individual sequence x[n, (], corresponding to a
specific value of ( = (, is called a realisation or a sample
sequence of the ensemble.
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The set of all possible sequences {x|n, (|} is called an ensemble,

and each individual sequence x[n, (], corresponding to a
specific value of ( = (, is called a realisation or a sample
sequence of the ensemble.

There are four possible interpretations of z|n, (]:

¢ Fixed ¢ Variable
n Fixed Number Random variable

n Variable | Sample sequence | Stochastic process
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Linear Systems Theory

The set of all possible sequences {x|n, (|} is called an ensemble,
and each individual sequence x[n, (], corresponding to a

specific value of ( = (, is called a realisation or a sample

sequence of the ensemble.

There are four possible interpretations of z|n, (]:

¢ Fixed

¢ Variable

n Fixed Number

Random variable

n Variable | Sample sequence

Stochastic process

Use simplified notation z|n] = x|n, (] to denote both a stochastic
process, and a single realisation. Use the terms random process

and stochastic process interchangeably throughout this course.
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Linear Systems Theory

The unpredictability of a random process is, in general, the
combined result of the following two characteristics:

1. The selection of a single realisation is based on the outcome of

a random experiment;

2. No functional description is available for all realisations of the

ensemble.
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Linear Systems Theory

The unpredictability of a random process is, in general, the
combined result of the following two characteristics:

1. The selection of a single realisation is based on the outcome of

a random experiment;

2. No functional description is available for all realisations of the

ensemble.

In some special cases, however, a functional relationship is
available. This means that after the occurrence of all samples of
a particular realisation up to a particular point, n, all future
values can be predicted exactly from the past ones.
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Linear Systems Theory

The unpredictability of a random process is, in general, the
combined result of the following two characteristics:

1. The selection of a single realisation is based on the outcome of

a random experiment;

2. No functional description is available for all realisations of the

ensemble.

In some special cases, however, a functional relationship is
available. This means that after the occurrence of all samples of
a particular realisation up to a particular point, n, all future
values can be predicted exactly from the past ones.

If this is the case for a random process, then it is called
predictable, otherwise it is said to be unpredictable or a
regular process.
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As an example of a predicatble process, consider the signal:

x[n, (] = A sin(wn + ¢)

where A is a known amplitude, w is a known normalised angular

frequency, and ¢ is a random phase, where ¢ ~ fg (¢) is its pdf.
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For fixed n = ng, x|ng, ] is a random variable. Moreover, the
random vector formed from the k£ random variables

{z|n;], j € {1,... k}} is characterised by the cumulative
distribution function (cdf) and pdfs:

Fx (21

fX($1

ni) = Pr(zni] < xq, ...

nk)

_8kFx(x1 ZCk|’n,1

, T ng| < )

nk)

Ox1 - -
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For fixed n = ng, x|ng, ] is a random variable. Moreover, the
random vector formed from the k£ random variables
{z|n;], j € {1,... k}} is characterised by the cdf and pdfs:

Fx (z1 ... x| n1 ...

fx(xl ZCk|’n,1

In exactly the same way as with random variables and random

vectors, it 1s:

ni) = Pr(z[ni] < xq, ...

nk)

, x|k < k)

zakFX(azl . T | M1 ng)

Ox1 - -

® difficult to estimate these probability functions without
considerable additional information or assumptions;

® possible to frequently characterise stochastic processes
usefully with much less information.
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Mean and Variance Sequence At time n, the ensemble mean and
variance are given by:

ozln] = E [[z[n] — po[n] I*] = E [[2[n] I*] — |ps[n]

Both p,[n] and o2[n] are deterministic sequences.
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Linear Systems Theory

Mean and Variance Sequence At time n, the ensemble mean and
variance are given by:

ozln] = E [|z[n] — po[n] |*] = E [|z[n] *] — |pa(n] |
Both p,[n] and o2[n] are deterministic sequences.

Autocorrelation sequence  The second-order statistic r,, |11, no]
provides a measure of the dependence between values of the
process at two different times; it can provide information
about the time variation of the process:

ez, N2] = E [z[n1] ¥ [ng]]
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Autocovariance sequence

The autocovariance sequence provides a

measure of how similar the deviation from the mean of a
process is at two different time instances:

Yax [nla 7?,2] —

E [(z[n1] = pe[n1])(z[n2] = pzn2])”]

Txx [n17 7?,2] — Mz [nl] :uj;: [n2]
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Linear Systems Theory

Autocovariance sequence The autocovariance sequence provides a

measure of how similar the deviation from the mean of a
process is at two different time instances:

VYez[n1, 2] = E [(#[n1] = prz[na])(z[n2] = paz(na])”]

— Ton [nl, TLQ] — g [nl] ,u;; [n2]

To show how these deterministic sequences of a stochastic
process can be calculated, several examples are considered in
detail below.
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Example ( [Manolakis:2000, Ex 3.9, page 144]). The harmonic process
x|n] is defined by:

M
z[n] = ZAk cos(wrn + ¢r), wi #0
k=1

where M, {A;} and {w } are constants, and {¢;, }17 are
pairwise independent random variables uniformly distributed in
the interval [0, 27].

1. Determine the mean of x(n).

2. Show the autocorrelation sequence is given by

M
1
ez |l] = 5 E |Ag|? coswil, —oo << 00 >
k=1
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Linear Systems Theory

Example ( [Manolakis:2000, Ex 3.9, page 144]).
expected value of the process is straightforwardly given by:

SOLUTION. 1. The

E [z(n)] =E Z Ay cos(wgn + ¢r) | = Z Ag E [cos(wgn + ¢r)]

k=1

k=1

Since a co-sinusoid is zero-mean, then:

2m
E [cos(win + ¢)] = / cos(wgn + @r) X % X dog, =0
0

Hence, it follows:
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Linear Systems Theory

Example ( [Manolakis:2000, Ex 3.9, page 144]). SOLUTION. 1.

rez(N1,n2) = E Z Ay, cos(wini + ox) Z A% cos(wjng + @)

| k=1 j=1

M

Z Z Ay A E [cos(wkni + @) cos(w;ng + ¢;)]

After some algebra, it can be shown that:

, .
5 coswg(ng —ne) k=
E |[cos(wgni + ¢r) cos(wjna + ¢5)] = (2) ) othei'wise

where g(¢r) = cos(wini + @) and h(¢x) = cos(w;ng + ¢4),
and the fact that ¢, and ¢; are independent implies the
expectation function may be factorised.
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Independence A stochastic process is independent if, and only
if, (iff)

N
fx($1,...,$N| nl,...,nN) = Hka; (CE'k| nk)
k=1

VN, ng, k € {1,..., N}. Here, therefore, x(n) is a sequence
of independent random variables.
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Linear Systems Theory

Independence A stochastic process is independent iff

N

fx (1, an | ny,.oony) = || fx. (o | )

k=1

VN, ng, k € {1,..., N}. Here, therefore, x(n) is a sequence
of independent random variables.

An independent and identically distributed (i. i. d.) proce ss 1S one
where all the random variables {x(ny, (), ny € Z} have the
same pdf, and z(n) will be called an i. i. d. random process.
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Linear Systems Theory

Independence A stochastic process is independent iff

N

fx (1, an | ny,.oony) = || fx. (o | )

VN, ng, k € {1,..., N}. Here, therefore, x(n) is a sequence

k=1

of independent random variables.

An i. i. d. process

is one where all the random variables

{x(ng, (), nx € Z} have the same pdf, and x(n) will be called
an i. i. d. random process.

An uncorrelated processes  is a sequence of uncorrelated random

variables:

Yeu(n1,n2) = 02(n1) 6(n1 — na)
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An orthogonal process  is a sequence of orthogonal random
variables, and is given by:

rez(ni,ne) =K [|x(n1)|2] d(n1 —no9)

If a process is zero-mean, then it is both orthogonal and
uncorrelated since v, (n1,n2) = rzz(n1, n2).
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Linear Systems Theory

An orthogonal process  is a sequence of orthogonal random
variables, and is given by:

rez(ni,ne) =K [|x(n1)|2] d(n1 —no9)

If a process is zero-mean, then it is both orthogonal and
uncorrelated since v, (n1,n2) = rzz(n1, n2).

A stationary process is a random process where its statistical
properties do not vary with time. Processes whose statistical
properties do change with time are referred to as
nonstationary.
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A random process x(n) has been called stationary if its statistics

determined for z(n) are equal to those for x(n + k), for every k
There are various formal definitions of stationarity, along with
quasi-stationary processes, which are discussed below.

® Order-N and strict-sense stationarity

® Wide-sense stationarity

® Wide-sense periodicity and cyclo-stationarity
® Local- or quasi-stationary processes

After this, some examples of various stationary processes will be

given.
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Definition (Stationary of order- IN). A stochastic process z(n) is

called stationary of order-N if:

fx(x1,....;zn ]| n1,...,nN) = fx (21, ..

.,xN|n1+k,...,’n,N+k)
&

for any value of k. If z(n) is stationary for all orders N € Z7, it is

said to be strict-sense stationary (SSS).
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Definition (Stationary of order- IN). A stochastic process z(n) is
called stationary of order-N if:

fx(z1,...;zn| n1,...onN) = fx (z1,...,zn | n1+ k,...,nN + k)

%

for any value of k. If z(n) is stationary for all orders N € Z7, it
said to be SSS.

An independent and identically distributed process is SSS since,
in this case, fx, (zx | nx) = fx (zr) is independent of n, and
therefore also of n + k.

However, SSS is more restrictive than necessary in practical
applications, and is a rarely required property.

is
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A more relaxed form of stationarity, which is sufficient for
practical problems, occurs when a random process is stationary
order-2; such a process is wide-sense stationary (WSS).
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Definition (Wide-sense stationarity). A random signal z(n) is called
wide-sense stationary if:

® the mean and variance is constant and independent of n:

Elz(n)] = pa

var [z(n)] = o2

® the autocorrelation depends only on the time difference
| = n1 — no, called the lag:

Few(N1,n2) =i (n2,n1) = E [z(ny) 2% (n2))]

Tez(l) = Tee(ng —ng) = E [x(ng) 2™ (ng — 1)]

E [z(ng + 1) x* (n3)]

%
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® The autocovariance function is given by:

Yo (1) = r2e(l) — I:u:v|2

® Since 2nd-order moments are defined in terms of 2nd-order
pdf, then strict-sense stationary are always WSS, but not
necessarily vice-versa, except if the signal is Gaussian.

® In practice, however, it is very rare to encounter a signal that
is stationary in the wide-sense, but not stationary in the strict

SEnse.
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Two classes of nonstationary process which, in part, have

properties resembling stationary signals are:

1. A wide-sense periodic (WSP) process
mean is periodic, and whose autocorrelation function is

periodic in both dimensions:

T'yx (nl 9 n2)

pz(n) = pg(n+ N)

— Tacw(nl + Na n2) — Tww(n17n2 + N)

rzz(n1 + N,no + N)

is classified as signals whose

for all n, ny and n,. These are quite tight constraints for real

signals.
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2. A wide-sense cyclo-stationary process  has similar but less

restrictive properties than a WSP process, in that the mean is

periodic, but the autocorrelation function is now just
invariant to a shift by NV in both of its arguments:

pz(n) = piz(n + N)
Tacac(nlvnQ) — Tacw(nl + Na Nno + N)

for all n, n1 and n». This type of nonstationary process has
more practical applications, as the following example will
show.
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At the introduction of this lecture course, it was noted that in the
analysis of speech signals, the speech waveform is broken up into
short segments whose duration is typically 10 to 20 milliseconds.
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At the introduction of this lecture course, it was noted that in the
analysis of speech signals, the speech waveform is broken up into
short segments whose duration is typically 10 to 20 milliseconds.

This is because speech can be modelled as a locally stationary
or quasi-stationary process.

| Linear 5Signal Models

- p. 15/55



Stochastic Processes

Quasi-stationarity

@ Definition of a Stochastic

Process
@ Interpretation of Sequences

@ Predictable Processes

@® Description using pdfs

® Second-order Statistical
Description

@ Example of calculating

autocorrelations
® Types of Stochastic

Processes
@ Stationary Processes

® Order- N and strict-sense
stationarity

©® Wide-sense stationarity

® Wide-sense
cyclo-stationarity

® Quasi-stationarity

® WSS Properties

@ Estimating statistical
properties

® Ensemble and
Time-Averages

@ Ergodicity

@ Joint Signal Statistics

® Types of Joint Stochastic

Processes
® Correlation Matrices

® Markov Processes

Power Spectral Density

Linear Systems Theory

At the introduction of this lecture course, it was noted that in the
analysis of speech signals, the speech waveform is broken up into
short segments whose duration is typically 10 to 20 milliseconds.

This is because speech can be modelled as a locally stationary
or quasi-stationary process.

Such processes possess statistical properties that change slowly
over short periods of time.
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Linear Systems Theory

At the introduction of this lecture course, it was noted that in the
analysis of speech signals, the speech waveform is broken up into
short segments whose duration is typically 10 to 20 milliseconds.

This is because speech can be modelled as a locally stationary
or quasi-stationary process.

Such processes possess statistical properties that change slowly
over short periods of time.

They are globally nonstationary, but are approximately locally
stationary, and are modelled as if the statistics actually are
stationary over a short segment of time.
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The average power of a WSS process z(n) satisfies:

ree(0) = 0 + |us|?

T2z (0) > 124(1),

for all [
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Linear Systems Theory

The average power of a WSS process z(n) satisfies:

rez(0) = 05 + |pz|®
rez(0) > 1y (1), foralll

The expression for power can be broken down as follows:

Average DC Power: |1, |?

2

Average AC Power: o,

Total average power: 7, (0)

Total average power = Average DC power + Average AC power
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Linear Systems Theory

The average power of a WSS process z(n) satisfies:

rez(0) = 05 + |pz|®
rez(0) > 1y (1), foralll

The expression for power can be broken down as follows:

Average DC Power: |1, |?

2

Average AC Power: o,

Total average power: 7, (0)

Total average power = Average DC power + Average AC power

Moreover, it follows that v,,(0) > .. (1).
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It is left as an exercise to show that the autocorrelation sequence

Tz (1) iS:

$ a conjugate symmetric function of the lag I:

Tox(—1) = Tax (1)

$® a nonnegative-definite or positive semi-definite function,

such that for any sequence «(n):

Z Z a*(n) ryz(n—m)a(m) >0

n=1m=1
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Linear Systems Theory

It is left as an exercise to show that the autocorrelation sequence
Tz (1) iS:

$ a conjugate symmetric function of the lag I:

$® a nonnegative-definite or positive semi-definite function,

r

*
rxr

(_l) — T:Biv(l)

such that for any sequence «(n):

Note that, more generally, even a correlation function for a
nonstationary random process is positive semi-definite:

M M
Z Z a™(n) ryz(n,m)a(m) >0 for any sequence «(n)

Z Z a*(n) ryz(n—m)a(m) >0

n=1m=1
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Linear Systems Theory

® A stochastic process consists of the ensemble, x(n, (), and a

probability law, fx ({x}| {n}). If this information is available

Vn, the statistical properties are easily determined.
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Linear Systems Theory

® A stochastic process consists of the ensemble, x(n, (), and a

probability law, fx ({x}| {n}). If this information is available

Vn, the statistical properties are easily determined.

® In practice, only a limited number of realisations of a process
is available, and often only one: i.e. {x(n,(x), k € {1,..., K}}

is known for some K, but fx (x| n) is unknown.
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Linear Systems Theory

® A stochastic process consists of the ensemble, x(n, (), and a

probability law, fx ({x}| {n}). If this information is available

Vn, the statistical properties are easily determined.

® In practice, only a limited number of realisations of a process
is available, and often only one: i.e. {x(n,(x), k € {1,..., K}}

is known for some K, but fx (x| n) is unknown.

® Is is possible to infer the statistical characteristics of a process

from a single realisation? Yes, for the following class of
signals:
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Linear Systems Theory

® A stochastic process consists of the ensemble, x(n, (), and a

probability law, fx ({x}| {n}). If this information is available

Vn, the statistical properties are easily determined.

® In practice, only a limited number of realisations of a process
is available, and often only one: i.e. {x(n,(x), k € {1,..., K}}

is known for some K, but fx (x| n) is unknown.

® Is is possible to infer the statistical characteristics of a process

from a single realisation? Yes, for the following class of
signals:

® ergodic processes;
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Linear Systems Theory

® A stochastic process consists of the ensemble, x(n, (), and a
probability law, fx ({x}| {n}). If this information is available
Vn, the statistical properties are easily determined.

® ergodic processes;

® nonstationary processes where additional structure about

® In practice, only a limited number of realisations of a process
is available, and often only one: i.e. {x(n,(x), k € {1,..., K}}
is known for some K, but fx (x| n) is unknown.

® Is is possible to infer the statistical characteristics of a process
from a single realisation? Yes, for the following class of
signals:

the autocorrelation function is known (beyond the scope of

this course).
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Ensemble averaging, as considered so far in the course, is not
frequently used in practice since it is impractical to obtain the
number of realisations needed for an accurate estimate.
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Linear Systems Theory

Ensemble averaging, as considered so far in the course, is not
frequently used in practice since it is impractical to obtain the
number of realisations needed for an accurate estimate.

A statistical average that can be obtained from a single
realisation of a process is a time-average, defined by:

(9(z(n))) = lim Z g(x

For every ensemble average, a corresponding time-average can
be defined; the above corresponds to: E [g(x(n))].
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Linear Systems Theory

Ensemble averaging, as considered so far in the course, is not
frequently used in practice since it is impractical to obtain the
number of realisations needed for an accurate estimate.

A statistical average that can be obtained from a single
realisation of a process is a time-average, defined by:

(9(z(n))) = lim Z g(x

For every ensemble average, a corresponding time-average can
be defined; the above corresponds to: E [g(x(n))].

Time-averages are random variables since they implicitly depend

on the particular realisation, given by (. Averages of
deterministic signals are fixed numbers or sequences, even
though they are given by the same expression.
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Linear Systems Theory

A stochastic process, x(n), is ergodic if its ensemble
averages can be estimated from a single realisation of a
process using time averages.

The two most important degrees of ergodicity are:

Mean-Ergodic (or ergodic in the mean) processes have identical
expected values and sample-means:

Covariance-Ergodic Processes  (or ergodic in correlation) have the

property that:

(x(n)z*(n —1)) = E[z(n) 2™ (n — 1)
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Linear Systems Theory

both in the mean and correlation is WSS.

correlation.

where N is the number of data-points available. The
performance of this estimator will be discussed later in this

course.

® WSS processes are not necessarily ergodic.

® Ergodic is often used to mean both ergodic in the mean and

® In practice, only finite records of data are available, and
therefore an estimate of the time-average will be given by

(gla(m) = = 3 gla(n)

neN

® [t should be intuitiveness obvious that ergodic processes must
be stationary and, moreover, that a process which is ergodic
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Cross-correlation and cross-covariance A measure of the
dependence between values of two different stochastic
processes is given by the cross-correlation and
cross-covariance functions:

Faoy(ni1,n2) = E[z(n1) y* (n2)]

Yoy (M1, 102) = Ty (N1, n2) — pa(n1) py (n2)
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Cross-correlation and cross-covariance

dependence between values of two different stochastic

A measure of the

processes is given by the cross-correlation and

cross-covariance functions:

Faoy(ni1,n2) = E[z(n1) y* (n2)]

Yoy (M1, 102) = Ty (N1, n2) — pa(n1) py (n2)

Normalised cross-correlation (or cross-covariance) The

cross-covariance provides a measure of similarity of the
deviation from the respective means of two processes. It
makes sense to consider this deviation relative to their
standard deviations; thus, normalised cross-correlations:

pmy(nla 7?,2) —

’yazy (nl ’ 7?,2)

0z (n1) oy(n2)
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Statistically independence  of two stochastic processes occurs when,

for every n, and n,,

Ixy (:c,y| nxany) = fx (ZC| nw) Jy (yl ny)

Uncorrelated stochastic processes have, for all n, & n, # n,:

Yy (nw 3 ny)

Tay(Nz, Ny)

=0
= Uz (ng) Hy (ny)
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Linear Systems Theory

Statistically independence  of two stochastic processes occurs when,

for every n, and n,,

Ixy (:c,yl n:vany) = fx (ZC| nw) Jy (yl ny)

Uncorrelated stochastic processes have, for all n, & n, # n,:

Yy (nwa ny) =0

Ty (nxv ny) = Mz (nﬂf) Hy (ny)

Joint stochastic processes that are statistically independent are

uncorrelated, but not necessarily vice-versa, except for Gaussian

processes. Nevertheless, a measure of uncorrelatedness is often
used as a measure of independence. More on this later.
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deseme Toy(l) = Tey(n1 —n2) = r (=) = E[z(n) y"(n — )]
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® WSS Properties ’yxy(l) — ’yxy (n]_ - 7?,2) — ’y;x(_l) = Ta;y(l) - //La; //LZ

@ Estimating statistical
properties
® Ensemble and

o e Aerages Joint-Ergodicity applies to two ergodic processes, x(n) and y(n),
e e whose ensemble cross-correlation can be estimated from a
) gﬁ’f’zls:fif)n Matrices time = ave ra g e :

® Markov Processes

Power Spectral Density <LE(’I’L) y* (n . l)> — E I::L,(n) y* (n . l)]
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Let an M-dimensional random vector X(n, ()

from the random process x(n) as follows:

X(n) = |z(n) z(n—1)

= X(n) be derived
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Let an M-dimensional random vector X(n, ()

from the random process x(n) as follows:

X(n) = |z(n) z(n—1)

Then its mean is given by an M -vector

px(n)

A

Fo (n)

po(n — 1)

= X(n) be derived
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Let an M-dimensional random vector X (n, () = X(n) be derived
from the random process x(n) as follows:

X(n) 2 [o(n) z(n—1) - x(n—MH)}T

Then its mean is given by an M -vector
R T
px() 2 [pa(n) po(n=1) - po(n—M+1)]
and the M x M correlation matrix is given by:

Tez(1,M) Tez(n,m— M + 1)
Rx(n) =

ez —M+1,n) - regzin—M+1,n—M+1)
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For stationary processes, the correlation matrix has an interesting
additional structure. Note that:

1. Rx(n) is a constant matrix Rx;

2. ree(n—1,m —j) = 122.(J

—0) = re(l), I =5 — i;

3. conjugate symmetry gives r,, (1) = rk.(—1).

Hence, the matrix R, is given by:

(\V)
~

T2
T2

T22(0)

—t
~—

va (M = 3)

rxr
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Linear Systems Theory

A powerful model for a stochastic process known as a Markov
model is introduced; such a process that satisfies this model is
known as a Markov process.

Quite simply, a Markov process is one in which the probability of
any particular value in a sequence is dependent upon the
preceding sample values.
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Linear Systems Theory

A powerful model for a stochastic process known as a Markov
model is introduced; such a process that satisfies this model is
known as a Markov process.

Quite simply, a Markov process is one in which the probability of

any particular value in a sequence is dependent upon the
preceding sample values.

The simplest kind of dependence arises when the probability of
any sample depends only upon the value of the immediately
preceding sample, and this is known as a first-order Markov
process.
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Linear Systems Theory

A powerful model for a stochastic process known as a Markov
model is introduced; such a process that satisfies this model is
known as a Markov process.

Quite simply, a Markov process is one in which the probability of

any particular value in a sequence is dependent upon the
preceding sample values.

The simplest kind of dependence arises when the probability of
any sample depends only upon the value of the immediately
preceding sample, and this is known as a first-order Markov
process.

This simple process is a surprisingly good model for a number of

practical signal processing, communications and control
problems.
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Linear Systems Theory

As an example of a Markov process, consider the process

generated by the difference equation

z(n) =—ax(n—1)+wn)

where « is a known constant, and w(n) is a sequence of

zero-mean i. i. d. Gaussian random variables with variance o3,

density:

fw (w(n))

1

2TOo

2
%%

e { -

w(n)®

2
20‘W

}
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Linear Systems Theory

As an example of a Markov process, consider the process
generated by the difference equation

z(n) =—ax(n—1)+wn)

where « is a known constant, and w(n) is a sequence of

zero-mean i. i. d. Gaussian random variables with variance o3,

density:

fw (w(n))

fx (z(n) | x(n —1)) =

1

2TOo

1

\/2#0%;

ex { -

w(n)?
2 P T gp2
W Tw

The conditional density of x(n) given x(n — 1) is also Gaussian,

(z(n) + az(n — 1))

2
QOW’

}
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Definition (Markov Process). A random process is a Pth-order
Markov process if the distribution of x(n), given the infinite past,
depends only on the previous P samples

{x(n—1),...,2(n — P)}; that is, if:

fx(z(n)| z(n—1),z(n—2),...)= fx (z(n)| z(n —1), ..., mg@—P))
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® Types of Stochastic

Processes
@ Stationary Processes

® Order- N and strict-sense
stationarity

©® Wide-sense stationarity

® Wide-sense
cyclo-stationarity

@ Quasi-stationarity

® WSS Properties

@ Estimating statistical
properties

® Ensemble and
Time-Averages

@ Ergodicity

@ Joint Signal Statistics

® Types of Joint Stochastic

Processes
® Correlation Matrices

® Markov Processes

Power Spectral Density

Linear Systems Theory

Definition (Markov Process). A random process is a Pth-order
Markov process if the distribution of x(n), given the infinite past,

depends only on the previous P samples
{x(n—1),...,2(n — P)}; that is, if:

fx(z(n)| z(n—1),z(n—2),...)= fx (z(n)| z(n —1), ..., mén—P))

Finally, it is noted that if x(n) takes on a countable (discrete) set
of values, a Markov random process is called a Markov chain.

| Linear 5Signal Models
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Stochastic Processes

Introduction

Power Spectral Density

@ Introduction

® The power spectral
density

@ Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

Frequency- and transform-domain methods are very powerful
tools for the analysis of deterministic sequences. It seems natural
to extend these techniques to analysis stationary random
processes.
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@ Introduction

® The power spectral
density

@ Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

Frequency- and transform-domain methods are very powerful

tools for the analysis of deterministic sequences. It seems natural

to extend these techniques to analysis stationary random
processes.

So far in this course, stationary stochastic processes have been

considered in the time-domain through the use of the
autocorrelation function (ACF).
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@ Introduction

® The power spectral
density

@ Properties of the power

spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

Frequency- and transform-domain methods are very powerful

tools for the analysis of deterministic sequences. It seems natural

to extend these techniques to analysis stationary random
processes.

So far in this course, stationary stochastic processes have been

considered in the time-domain through the use of the ACF.

Since the ACF for a stationary process is a function of a
single-discrete time process, then the question arises as to what
the discrete-time Fourier transform (DTFT) corresponds to.
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Power Spectral Density

@ Introduction

® The power spectral
density

@ Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

Frequency- and transform-domain methods are very powerful

tools for the analysis of deterministic sequences. It seems natural

to extend these techniques to analysis stationary random

Processes.

So far in this course, stationary stochastic processes have been

considered in the time-domain through the use of the ACF.

Since the ACF for a stationary process is a function of a
single-discrete time process, then the question arises as to what
the DTFT corresponds to.

It turns out to be known as the power spectral density (PSD) of

a stationary random process, and the PSD is an extremely
powerful and conceptually appealing tool in statistical signal

processing.
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@ Introduction

® The power spectral
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Abstract
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A graphical respresentation of random spectra.
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Power Spectral Density

@ Introduction

® The power spectral
density

@ Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

In signal theory for deterministic signals, spectra are used to
represent a function as a superposition of exponential functions.
For random signals, the notion of a spectrum has two
interpretations:
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@ Introduction

® The power spectral
density

@ Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

In signal theory for deterministic signals, spectra are used to

represent a function as a superposition of exponential functions.

For random signals, the notion of a spectrum has two
interpretations:

Transform of averages The first involves transform of averages (or
moments). As will be seen, this will be the Fourier transform

of the autocorrelation function.
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Introduction

Power Spectral Density

@ Introduction

® The power spectral
density

@ Properties of the power

spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

In signal theory for deterministic signals, spectra are used to
represent a function as a superposition of exponential functions.
For random signals, the notion of a spectrum has two
interpretations:

Transform of averages The first involves transform of averages (or
moments). As will be seen, this will be the Fourier transform
of the autocorrelation function.

Stochastic decomposition ~ The second interpretation represents a
stochastic process as a superposition of exponentials, where
the coefficients are themselves random variables. Hence, x(n)
can be represented as:

1 [™ -
z(n) = %/ X (') e dw, neR

where X (e/*) is a random variable for a given value of w.
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Power Spectral Density

@ Introduction

@ The power spectral
density

@ Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

The discrete-time Fourier transform of the autocorrelation
function of a stationary stochastic process xz|n, (] is known as the

power spectral density (PSD), is denoted by P, (e’*), and is
given by:

Pop(€7) =) " rgall] €77

LEZ

where w is frequency in radians per sample.
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The power spectral density

The discrete-time Fourier transform of the autocorrelation

Stochasti Processs function of a stationary stochastic process xz|n, (] is known as the
Fove pecl eniy power spectral density (PSD), is denoted by P, (e’*), and is
S given by:
@ Properties of the power
spectral density ) )
it Poo(e’) = ) raslf] €77
o Complex Specal Density (€T
Functions
Linear Systems Theory where w is frequency in radians per sample.

Linear Signal Models

The autocorrelation function, r,,[¢], can be recovered from the
PSD by using the inverse-DTFT:

1 i . .
T'ex [6] / Pg;g;(ejw) ijg dw, =N/

:% -
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@ Introduction

® The power spectral
density

@ Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions
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Linear Signal Models

® P, (/%) : w— RT; in otherwords, the PSD is real valued, and

nonnegative definite. i.e.

P..(e?¥) >0

- p. 27/55



Stochastic Processes

Properties of the power spectral density

Power Spectral Density

@ Introduction

® The power spectral
density

@ Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory
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® P, (/%) : w— RT; in otherwords, the PSD is real valued, and
nonnegative definite. i.e.

P..(e?¥) >0

® P, .(e7%) = P, (e/“F2n7): in otherwords, the PSD is periodic

with period 27.
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® P, (/%) : w— RT; in otherwords, the PSD is real valued, and

nonnegative definite. i.e.

P..(e?¥) >0

® P, .(e7%) = P, (e/“F2n7): in otherwords, the PSD is periodic

with period 27.

® If z[n] is real-valued, then:
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® The power spectral
density

@ Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions
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Linear Signal Models

® P, (/%) : w— RT; in otherwords, the PSD is real valued, and

nonnegative definite. i.e.

P..(e?¥) >0

® P, .(e7%) = P, (e/“F2n7): in otherwords, the PSD is periodic

with period 27.

® If z[n] is real-valued, then:

® r..|/] is real and even;
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Properties of the power spectral density

® P, (/%) : w— RT; in otherwords, the PSD is real valued, and

Stochastic Processes

nonnegative definite. i.e.

Power Spectral Density

@ Introduction

® The power spectral wa (e']w ) Z O

density

@ Properties of the power
spectral density . .

DA ® P..(e7%) = P,,(e/“t2nm): in otherwords, the PSD is periodic
density

® Complex Spectral Density With periOd 27T B

Functions

Linear Systems Theory

® If z[n] is real-valued, then:

Linear Signal Models

® r..|/] is real and even;

® P..(e7°) = P, (e ’¥) is an even function of w.
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Power Spectral Density

@ Introduction

® The power spectral
density

@ Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

® P, (/%) : w— RT; in otherwords, the PSD is real valued, and
nonnegative definite. i.e.

® P..(e7¥)

P..(e?¥) >0

P,..(e“+2n7)) in otherwords, the PSD is periodic
with period 27.

® If z[n] is real-valued, then:

® r..|/] is real and even;

® P..(e7Y)

® The area under P, (e’%) is nonnegative and is equal to the

= P,.(e77%) is an even function of w.

average power of x|n|. Hence:

1

20z

T

Pm(ej“) dw = 14.[0] =

E [|z[n] ] >0

J =70
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General form of the PSD

Power Spectral Density

@ Introduction

® The power spectral
density

® Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

A process, x(n), and therefore its corresponding autocorrelation
function (ACF), r,.(l), can always be decomposed into a

zero-mean aperiodic component, 4% (1), and a non-zero-mean
periodic component, riP) (1):

res(l) = {2 (1) + &) (1)
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® The power spectral
density

® Properties of the power

spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions
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Linear Signal Models

A process, x(n), and therefore its corresponding autocorrelation
function (ACF), r,.(l), can always be decomposed into a

zero-mean aperiodic component, 4% (1), and a non-zero-mean
periodic component, riP) (1):

raa(l) = ri2 (D) + i (1)
Theorem (PSD of a non-zero-mean process with periodic compo nent).

The most general definition of the PSD for a non-zero-mean
stochastic process with a periodic component is

P, (e79) = P (edw) 4 i? > PP(k)6 (w — wp) O

kel

Pl (e3%) is the DTFT of 1% (1), while P{?) (k) are the discrete
Fourier transform (DFT) coefficients for 7%/ (1) .
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@ Introduction

® The power spectral
density

® Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

Example ( [Manolakis:2001, Harmonic Processes, Page 110-1  11]).
Determine the PSD of the harmonic process defined by:

M
x|n] = ZA"“ cos(wrn + ¢r), wir #0
k=1
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® The power spectral
density

® Properties of the power

spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

Example ( [Manolakis:2001, Harmonic Processes, Page 110-1
Determine the PSD of the harmonic process defined by:

M
x|n] = ZA"“ cos(wrn + ¢r), wir #0

SOLUTION. x[n] is a stationary process with zero-mean, and

k=1

autocorrelation function (ACF):

T2 /]

1

2

M
Z |Ag|? coswipl, —oo < < 00

k=1

11]).
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@ Introduction

® The power spectral
density

® Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

Example ( [Manolakis:2001, Harmonic Processes, Page 110-1
Determine the PSD of the harmonic process defined by:

M
x|n] = ZA"“ cos(wrn + ¢r), wir #0

k=1

SOLUTION. Hence, the ACF can be written as:

oz ll] =

M

2.

k=—M

| Ag|?
4

ejwkﬁ

Y

—o0 < ¥ < oo

11]).

where the following are defined: Ay =0, A, = A_;, and
W — —Wk.
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® The power spectral
density

® Properties of the power
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® General form of the PSD
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density

® Complex Spectral Density
Functions
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Example ( [Manolakis:2001, Harmonic Processes, Page 110-1  11]).
Determine the PSD of the harmonic process defined by:

M
— Z Ay cos(wpn + @),

k=1

wk#()

SOLUTION. Hence, the ACF can be written as:

M
Z |Ak5|2 ejwkﬁ
A 9

k=—M

Ta:a:w]: —o0 < ¥ < o0

where the following are defined: Ay =0, A, = A_;, and
W — —Wk.

Hence, it directly follows

A 2

M T
Pa:a: jw = 2 o
(e 7 Z 4 =35

NI

M
Z |Ak| 5 cu wk) |:pl28/55



The cross-power spectral density

The cross-power spectral density (CPSD) of two jointly stationary

Stochastic Processes stochastic processes, x(n) and y(n), provides a description of

Powwer Specral Density their statistical relations in the frequency domain.

@ Introduction
® The power spectral

S e It is defined, naturally, as the DTFT of the cross-correlation,
spectral densi A
OGI;netrallfirmotfythePSD ,rx’y (E) — E [Qj(n) y* (n - 6)]:

® The cross-power spectral
density

® Complex Spectral Density : : A
Functions P (e']w) F{’rwy } ’r‘wy Jwe
Linear Systems Theory l € Z

Linear Signal Models

- p. 29/55



Stochastic Processes

The cross-power spectral density

Power Spectral Density
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® The power spectral
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® The cross-power spectral
density

® Complex Spectral Density
Functions
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The cross-power spectral density (CPSD) of two jointly stationary

stochastic processes, z(n) and y(n), provides a description of

their statistical relations in the frequency domain.

It is defined, naturally, as the DTFT of the cross-correlation,

ray(£) = E[z(n) y*(n — 0)]:

P, (e?¥) =

The cross-correlation r,,(!) can be recovered by using the

inverse-DTFT:

Tay(l) =

1
T

Firey ()} = Z”awy e v

leZ

/ P (e?) et dw, 1€R
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® The power spectral
density
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spectral density

® General form of the PSD

® The cross-power spectral
density

® Complex Spectral Density
Functions
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The cross-power spectral density (CPSD) of two jointly stationary

stochastic processes, z(n) and y(n), provides a description of

their statistical relations in the frequency domain.

It is defined, naturally, as the DTFT of the cross-correlation,

Tay(£)

The cross-correlation r,,(!) can be recovered by using the

A

E |z(n)y*(n —0)]:

P, (e?¥) =

inverse-DTFT:

Tay(l) =

1
T

Firey ()} = Z”awy e v

leZ

/ P (e?) et dw, 1€R

The cross-spectrum P, (e’%) is, in general, a complex function of

w.
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The cross-power spectral density

Some properties of the CPSD and related definitions include:

Stochastic Processes

Power Spectral Densicy 1. P, (e’%) is periodic in w with period 2.

@ Introduction
® The power spectral
density . * . .
@ Properties of the power 2 o Slnce Twy (l) — ’I"yx ( - l ) 9 then ].t fOIIOWS .
spectral density
® General form of the PSD
® The cross-power spectral o o
*
density ny(ejw) — P (ejw)
® Complex Spectral Density yx
Functions

s 3. If the process z(n) is real, then r,,(!) is real, and:

Linear Signal Models

Pyy(e?”) = Pgy(e77%)
4. The coherence function, is given by:

ny(ejw)
v/ Pra(€7%)/ Pyy(ed*)

Loy (ejw) =
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@ Introduction

® The power spectral
density

® Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

@ Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

The second moment quantities that described a random process

in the transform domain are known as the complex spectral
density and complex cross-spectral density functions.
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@ Introduction

® The power spectral
density

® Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

@ Complex Spectral Density
Functions

Linear Systems Theory

Linear Signal Models

The second moment quantities that described a random process
in the transform domain are known as the complex spectral
density and complex cross-spectral density functions.

Hence, 7,.(1) e P, (2) and 74y (1) e P,,(z), where:
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Complex Spectral Density Functions

The second moment quantities that described a random process

Stochastc Processes in the transform domain are known as the complex spectral
Power Spectral Density density and complex cross-spectral density functions.
@ Introduction
® The power spectral

density
® Properties of the power zZ zZ
® The cross-power spectral

density
) Cornpnlex Spectral Density _ l

Functions wa (Z) — E /rxx (l) Z
Linear Systems Theory l = 7,
Linear Signal Models [l

: Py(z) = g Tay(l) 2

leZ

If the unit circle, defined by z = ¢’% is within the region of
convergence of these summations, then:

Pscsc(z) |z:ejw

Pm(ej )
! P:cy(z)| _pjw

Pry(e’®)

w
w
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Complex Spectral Density Functions

The inverse of the complex spectral and cross-spectral densities

Stochastic Processes are given by the Contour integral:

Power Spectral Density

@ Introduction

® The power spectral 1
density

® Properties of the power T rox (l ) = —
spectral density 2 7TJ

® General form of the PSD

]{ Poo(2) 27 dz
C
® The cross-power spectral 1

ogzrr:;ngpectralDensity ,rgjy(l) — — % Pa;y(Z) Zl_l dZ
C

Functions 2 7-‘-]

Linear Systems Theory

Linear Signal Models
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@ Introduction

® The power spectral
density

® Properties of the power
spectral density

® General form of the PSD

® The cross-power spectral
density

@ Complex Spectral Density
Functions

Linear Systems Theory
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The inverse of the complex spectral and cross-spectral densities

are given by the contour integral:

1
27y
1

T2z (1)

219

Some properties of the complex spectral densities include:

1. Conjugate-symmetry:

Pro(z) = P2,(1/2") and Py,(z) = P5,(1/2")

]{ Poo(2) 27 dz
C
Tay(l) = —%}ny(z) 1 dx

2. For the case when z(n) is real, then:
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Systems with Stochastic Inputs

Power Spectral Density

Linear Systems Theory

@ Systems with Stochastic
Inputs

® LTI Systems with
Stationary Inputs

@ Input-output Statistics of a
linear time-invariant (LTT)
System

@ System identification

® LTV Systems with

Nonstationary Inputs
@ Difference Equation

® Frequency-Domain
Analysis of LTI systems

Linear Signal Models

A graphical representation of a random process at the
output of a system in relation to a random process at the
input of the system.

What does it mean to apply a stochastic signal to the input of a

system?

x(n) =x(n, Q) —*>

T(.)
System or
Transformation

Abstract
samplessr;:ce,S [ T i I 1 ¢t T »

— > y(n)=yn, )

Abstract
sample space, S
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@ Systems with Stochastic
Inputs
@ LTI Systems with

Stationary Inputs

@ Input-output Statistics of a
LTI System

@ System identification

@ LTV Systems with
Nonstationary Inputs

@ Difference Equation

@ Frequency-Domain
Analysis of LTI systems

Linear Signal Models

In principle, the statistics of the output of a system can be
expressed in terms of the statistics of the input. However, in

general this is a complicated problem except in special cases.
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@ Systems with Stochastic
Inputs

@ LTI Systems with
Stationary Inputs

@ Input-output Statistics of a
LTI System

@ System identification

@ LTV Systems with
Nonstationary Inputs

@ Difference Equation

@ Frequency-Domain
Analysis of LTI systems

Linear Signal Models

In principle, the statistics of the output of a system can be
expressed in terms of the statistics of the input. However, in

general this is a complicated problem except in special cases.

A special case is that of linear systems, and this is considered
next.
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@ Systems with Stochastic
Inputs

® LTI Systems with
Stationary Inputs

@ Input-output Statistics of a
LTI System

@ System identification

@ LTV Systems with
Nonstationary Inputs

@ Difference Equation

@ Frequency-Domain
Analysis of LTI systems

Linear Signal Models

Since each sequence (realisation) of a stochastic process is a
deterministic signal, there is a well-defined input signal
producing a well-defined output signal corresponding to a single
realisation of the output stochastic process:

y(nv C) — Z h(k) x(n - ka)

k=—0o0
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@ Systems with Stochastic
Inputs

® LTI Systems with
Stationary Inputs

@ Input-output Statistics of a
LTI System

@ System identification

® LTV Systems with
Nonstationary Inputs

@ Difference Equation

@ Frequency-Domain
Analysis of LTI systems

Linear Signal Models

Since each sequence (realisation) of a stochastic process is a
deterministic signal, there is a well-defined input signal

producing a well-defined output signal corresponding to a single

realisation of the output stochastic process:

y(nv C) — Z h(k) x(n - ka)

k=—0o0

® A complete description of y(n, () requires the computation of

an infinite number of convolutions, corresponding to each
value of (.

® Thus, a better description would be to consider the statistical
properties of y(n, () in terms of the statistical properties of the

input and the characteristics of the system.
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Power Spectral Density

Linear Systems Theory

@ Systems with Stochastic
Inputs

® LTI Systems with
Stationary Inputs

@ Input-output Statistics of a
LTI System

@ System identification

@ LTV Systems with
Nonstationary Inputs

@ Difference Equation

@ Frequency-Domain
Analysis of LTI systems

Linear Signal Models

To investigate the statistical input-output properties of a linear
system, note the following fundamental theorem:

Theorem (Expectation in Linear Systems).  For any linear system,
E [Llz(n)|] = LE [z(n)]]

In other words, the mean p,(n) of the output y(n) equals the
response of the system to the mean p,(n) of the input:

py (1) = Llpa(n0)]

- p. 33/55



Stochastic Processes

Input-output Statistics of a LTI System

Power Spectral Density

Linear Systems Theory

@ Systems with Stochastic
Inputs
@ LTI Systems with

Stationary Inputs

® Input-output Statistics of a
LTT System

@ System identification

@ LTV Systems with
Nonstationary Inputs

@ Difference Equation

® Frequency-Domain
Analysis of LTI systems

Linear Signal Models

If a stationary stochastic process x|n| with mean value ., and
correlation 7, |¢] is applied to the input of a LTI system with
impulse response h[n| and transfer function H(e’“), then the:

Output mean value is given by:

Py = Ha Z hlk| = po H(ejo)

k=—o0
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If a stationary stochastic process x|n| with mean value ., and
correlation 7, |¢] is applied to the input of a LTI system with
impulse response h[n| and transfer function H(e’“), then the:

Output mean value is given by:

Input-output cross-correlation

Tayll]

Similarly, it follows that r,, (1) = h(l) * ry(1).

Py = Ha Z hlk| = po H(ejo)

k=—o0

is given by:

W =0 %ol = ) h*[—k] roall — K]

k=—o0
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Output autocorrelation  is obtained by pre-multiplying the
system-output by y*(n — [) and taking expectations:

ryy() = Y RR)E[z(n — k) y*(n —1)] = h(D) * 74y (1)

k=—o0

Substituting the expression for r,, (1) gives:

Tyy (1) = h(l) * h*(=1) * 730 (1) = rpp(l) * 74 (1)

D)
r xx(l) — P h(l) T h*(_l) >r yy(l)

An equivalent LTI system for autocorrelation filtration.

- p. 34/55



Stochastic Processes

Input-output Statistics of a LTI System

Power Spectral Density

Linear Systems Theory

@ Systems with Stochastic
Inputs
@ LTI Systems with

Stationary Inputs

® Input-output Statistics of a
LTT System

@ System identification

@ LTV Systems with
Nonstationary Inputs

@ Difference Equation

® Frequency-Domain
Analysis of LTI systems

Linear Signal Models

Output-power of the process y(n) is given by r,,(0) = E ||y(n)|?],

and therefore since 7, (1) = 71, (1) * 42 (1),

Noting power, P,,, is real, then taking complex-conjugates using

Tox(—1) = Tz (1):

Pyy =D e oo Thi(K) Tz (k) =
Z?io:—oo h* (TL) ZZO:—OO W gy (TL + k) h(k)

Output pdf In general, it is very difficult to calculate the pdf of the

output of a LTI system, except in special cases, namely
Gaussian processes.
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White noise input

x(n) = x(n, Q)——

ro(l) = 3(0)

system, /(¢)

Unknown LTI

y(n) = y(n, C)
>

Cross-
correlate

x(n) = x(n, C)

System identification by cross-correlation.

r.{0) = h(l)

The system is excited with a white Gaussian noise (WGN) input
with autocorrelation function:

T2z (1)

5(1)

Since the output-input cross-correlation can be written as:

then, with r,,(l) = §(l), it follows:

ryz(l) = h(l) * ry (1)

rye(l) = h(l) x 6(1) = h(l)
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x(n) - x(n, C)} LTV system: y(n) :y(na C>)
h(n, k)

General LTV system with nonstationary input

The input and output are related by the generalised convolution:

y(n)= Y  h(nk)z(k)

k=—o0

where h(n, k) is the response at time-index n to an impulse
occurring at the system input at time-index k.
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x(n) - x(n, C)} LTV system: y(n) :y(na C>)
h(n, k)

General LTV system with nonstationary input

The input and output are related by the generalised convolution:

y(n)= Y  h(nk)z(k)

k=—o0

where h(n, k) is the response at time-index n to an impulse
occurring at the system input at time-index k.

The mean, autocorrelation and autocovariance sequences of the
output, y(n), as well as the cross-correlation and cross-covariance
functions between the input and the output, can be calculated in

a similar way as for LTI systems with stationary inputs.
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e Frequency-Domain Assuming that both z(n) and y(n) are stationary processes, then
Analysis of LTI systems . . . .
taking expectations of both sides gives,

Linear Signal Models

Q
By = Zq:O bq I
y P x
1 + Zp:l a'p
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Next, multiplying the system equation throughout by y*(m) and

taking expectations gives:

P

Zap Tyy(n —p,m

p=0

Q
) = qu ray(n —gq,m)
q=0
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Next, multiplying the system equation throughout by y*(m) and

taking expectations gives:

P

Q
Za'p ryy(n —p,m) = qu ray(n —gq,m)
q=0

p=0
Similarly, instead multiply though by x*(m) to give:

P

Q
Zap ryz(n —p,m) = qu Tez(N — q,m)
qg=0

p=0

These two difference equations may be used to solve for

ryy(n1,ne2) and r4,(n1, n2). Similar expressions can be obtained

for the covariance functions.
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Example ( [Manolakis:2000, Example 3.6.2, Page 141]). Let x(n) be a

random process generated by the first order difference equation

given by:
rz(n)=azxn—1)+wn), |of<l,neZ
where w(n) ~ N (g, 02,) is an i. i. d. WGN process.

® Demonstrate that the process x(n) is stationary, and
determine the mean ..

® Determine the autocovariance and autocorrelation function,
Yoz (1) and ryq (1).
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Xn) =x(n, 6)
7o)

h(n)

y(n) = y(n, C>)

>
Pxx(e]w)

H(e")

(D)

The PSD at the input and output of a LTI system with

P(e")

stationary input.

Pry(e”)

el
Py, (&) =
el

H*(e7) Pyy(e?®)
H(e?%) Py (e?¥)

>

Pyy(e*) = |H(ejw)|2pm(€jw)
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Xn) =x(n, 6) H) Ym) =y, )

Stochastic Processes r xx(l) r yy(l)

Power Spectral Density

Linear Systemsh Theo;'ly . > H(e] (D) . >
® Systems with Stochastic @ @
‘ P (e") P, (e")

Inputs
® LTI Systems with

Stationary Inputs The PSD at the input and output of a LTI system with

@ Input-output Statistics of a

1 System stationary input.

@ System identification
® LTV Systems with
Nonstationary Inputs
® Difference Equation P ( w )
® Frequency-Domain €T y

Analysis of LTI systems

H*(e7%) Py (e?¥)

el
Linear Signal Models wa (ejw) — H(ejw) PCCCC (ejw)
Pyy(ejw) = |H(ejw)|2 wa(ejw)
® [f the input and output autocorrelations or autospectral

densities are known, the magnitude response of a system
|H (e7“)| can be determined, but not the phase response.
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rational; that is, they can be expressed at the ratio of two
polynomials.

- p. 40/55



Stochastic Processes

Abstract

Power Spectral Density

Linear Systems Theory

Linear Signal Models

® Abstract

® The Ubiquitous WGN
Sequence

@ Filtration of WGN

@ Nonparametric and
parametric models

@ Parametric Pole-Zero Signal

Models
® Types of pole-zero models

@ All-pole Models
® Frequency Response of an

All-Pole Filter
® Impulse Response of an

All-Pole Filter
@ All-Pole Modelling and

Linear Prediction
@ Autoregressive Processes

® All-Zero models
® Frequency Response of an

All-Zero Filter
® Moving-average processes

® Pole-Zero Models
® Pole-Zero Frequency
Response

® This lecture looks at the special class of stationary signals that
are obtained by driving a LTI system with white noise. A
particular focus is placed on system functions that are
rational; that is, they can be expressed at the ratio of two
polynomials.

® The following models are considered in detail:

- p. 40/55



Stochastic Processes

Abstract

Power Spectral Density

Linear Systems Theory

Linear Signal Models

® Abstract

® The Ubiquitous WGN
Sequence

@ Filtration of WGN

@ Nonparametric and
parametric models

@ Parametric Pole-Zero Signal

Models
® Types of pole-zero models

@ All-pole Models
® Frequency Response of an

All-Pole Filter
® Impulse Response of an

All-Pole Filter
@ All-Pole Modelling and

Linear Prediction
@ Autoregressive Processes

® All-Zero models
® Frequency Response of an

All-Zero Filter
® Moving-average processes

® Pole-Zero Models
® Pole-Zero Frequency
Response

® This lecture looks at the special class of stationary signals that

are obtained by driving a LTI system with white noise. A
particular focus is placed on system functions that are
rational; that is, they can be expressed at the ratio of two
polynomials.

® The following models are considered in detail:

® All-pole systems and autoregressive (AR) processes;

- p. 40/55



Stochastic Processes

Abstract

Power Spectral Density

Linear Systems Theory

Linear Signal Models

® Abstract

® The Ubiquitous WGN
Sequence

@ Filtration of WGN

@ Nonparametric and
parametric models

@ Parametric Pole-Zero Signal

Models
® Types of pole-zero models

@ All-pole Models
® Frequency Response of an

All-Pole Filter
® Impulse Response of an

All-Pole Filter
@ All-Pole Modelling and

Linear Prediction
@ Autoregressive Processes

® All-Zero models
® Frequency Response of an

All-Zero Filter
® Moving-average processes

® Pole-Zero Models
® Pole-Zero Frequency
Response

® This lecture looks at the special class of stationary signals that

are obtained by driving a LTI system with white noise. A
particular focus is placed on system functions that are

rational; that is, they can be expressed at the ratio of two

polynomials.

® The following models are considered in detail:
® All-pole systems and autoregressive (AR) processes;

® All-zero systems and moving average (MA) processes;

- p. 40/55



Stochastic Processes

Abstract

Power Spectral Density

Linear Systems Theory

Linear Signal Models

® Abstract

® The Ubiquitous WGN
Sequence

@ Filtration of WGN

@ Nonparametric and
parametric models

@ Parametric Pole-Zero Signal

Models
® Types of pole-zero models

@ All-pole Models
® Frequency Response of an

All-Pole Filter
® Impulse Response of an

All-Pole Filter
@ All-Pole Modelling and

Linear Prediction
@ Autoregressive Processes

® All-Zero models
® Frequency Response of an

All-Zero Filter
® Moving-average processes

® Pole-Zero Models
® Pole-Zero Frequency
Response

® This lecture looks at the special class of stationary signals that

are obtained by driving a LTI system with white noise. A
particular focus is placed on system functions that are

rational; that is, they can be expressed at the ratio of two

polynomials.

® The following models are considered in detail:
® All-pole systems and autoregressive (AR) processes;
® All-zero systems and moving average (MA) processes;
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The simplest random signal model is the WSS WGN sequence:

w(n) ~ N (0, O',%U)

The sequence is i. i. d., and P, (e’*) = o

PWW ( e](D) A

2
0)

w

White
noise

—m < w< .

o 0

White noise PSD.

+7T

A 4
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By filtering a WGN through a stable LTI system, it is possible to

obtain a stochastic signal at the output with almost any arbitrary

aperiodic correlation function or continuous PSD.
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By filtering a WGN through a stable LTI system, it is possible to

obtain a stochastic signal at the output with almost any arbitrary
aperiodic correlation function or continuous PSD.

White

White harmonic

PWW ( e]o)) A
GWZ

2
RS
g | -

- 0 +7 (5
" P, (k) Input [
§ excitation
o] _

—n 0 pre

H(¢”)? LTI System

-7

o i

>
Q)

H(z) or D(2)/A(z) or 1/A(z)

P.(e")

—Tt
Desired [

signal

P (k)

o

+T

ev

—T

wno Tt pI o

+T

Signal models with continuous and discrete (line) power
spectrum densities.

ev
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Voiced
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Speech

Pitch
Perjod

v

Voiced/unvoiced Filter Speech
indicator function Parameters segment

Impulse train
generator

1.

Excitation Variance '\F>

All-pole v

v
Filter

Vocal tract model

The speech synthesis model.

Synthetic
signal
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Nonparametric models have no restriction on its form, or the

number of parameters characterising the model. For example,

specifying a LTI filter by its impulse response is a
nonparametric model.

Parametric models, on the other hand, describe a system with a
finite number of parameters. For example, if a LTI filter is
specified by a finite-order rational system function, it is a
parametric model.
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Nonparametric models have no restriction on its form, or the
number of parameters characterising the model. For example,
specifying a LTI filter by its impulse response is a
nonparametric model.

Parametric models, on the other hand, describe a system with a
finite number of parameters. For example, if a LTI filter is
specified by a finite-order rational system function, it is a
parametric model.

Two important analysis tools present themselves for
parametric modelling:

1. given the model parameters, analyse the characteristics of
that model (in terms of moments etc.);

2. design of a parametric system model to produce a random
signal with a specified autocorrelation function or PSD.

This is signal modelling. p. 4355
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Consider a system described by the following linear
constant-coefficient difference equation:

w[n—1

win] > 7 Z z' pe- —» z
: Feed
! Forward
b, b, b, Taps bQ

| N

faP Feedback a, @ a,
! Taps

—> x[n]
|
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All-pole model when () = 0. The input-output difference equation

is given by:

zr(n) = — Z ai r(n — k) 4+ dow(n)
k=1

All-zero model when P = 0. The input-output relation is given by:

Q
z(n) = Z di w(n — k)
k=0

Pole-zero model when P > 0 and @ > 0.
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w(n) = w(n, C)>
7(D)= (1)

b,
H(z) = 40

x(n) = x(n, )
Y,
P () =—"—

w(n)

H(z) = B(2)

|2

ZICH

x(n)
>

w(n)

B(z
H(z) = @)

P, (€") =[B(e")

A(2)

x(n)
> B
Pxx(ejm) = | ( )|

Different types of linear model

ZICH
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If a parametric model is excited with WGN, the resulting output

signal has second-order moments determined by the parameters

of the model.
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If a parametric model is excited with WGN, the resulting output
signal has second-order moments determined by the parameters
of the model.

These stochastic processes have special names in the literature,
and are known as:

a moving average (MA) process When it is the output of an all-zero
model;

an autoregressive (AR) process when it is the output of an all-pole
model;

an autoregressive moving average (ARMA) process when it is the
output of an pole-zero model,;

each subject to a WGN process at the input.
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All-pole models are frequently used in signal processing
applications since they are:

$ mathematically convenient since model parameters can be
estimated by solving a set of linear equations, and

® they widely parsimoniously approximate rational transfer
functions, especially resonant systems.

- p. 46/55



Stochastic Processes

All-pole Models

Power Spectral Density

Linear Systems Theory

Linear Signal Models

@ Abstract

® The Ubiquitous WGN
Sequence

@ Filtration of WGN

@ Nonparametric and
parametric models

@ Parametric Pole-Zero Signal

Models
® Types of pole-zero models

® All-pole Models
® Frequency Response of an

All-Pole Filter
® Impulse Response of an

All-Pole Filter
@ All-Pole Modelling and

Linear Prediction
@ Autoregressive Processes

® All-Zero models
® Frequency Response of an

All-Zero Filter
® Moving-average processes

@ Pole-Zero Models
® Pole-Zero Frequency
Response

All-pole models are frequently used in signal processing
applications since they are:

$ mathematically convenient since model parameters can be
estimated by solving a set of linear equations, and

® they widely parsimoniously approximate rational transfer
functions, especially resonant systems.

There are various model properties of the all-pole model that are

useful; these include:

1. the systems impulse response;
2. the autocorrelation of the impulse response;

3. and minimum-phase conditions.
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The all-pole model has form:

do

do

AR 1+F apzt

[T;_.(1

and therefore its frequency response is given by:

H(e') =

do

do

— Dk Z_l)

P o
1+ ey ke 7™

T

preIv)
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The all-pole model has form:

do . d() dO
AR "1+ jas I, —pre?)

and therefore its frequency response is given by:

d() d()
P —7kw - P —Jw
14> g are™ [[izi (1 — pre?¢)

H(e') =

When each of the poles are written in the form p;, = r,e’“*, then

the frequency response can be written as:

d
Iz T
[ (1 —rge J(w=wr))

Hence, it can be deduced that resonances occur near the
frequencies corresponding to the phase position of the poles.

H(eY) =
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Hence, the PSD of the output of an all-pole filter is given by:

P,.(e’%) = o2 ‘H(ej“)

G2

‘ 2

H£=1 ‘1 — rj e~ dwmwr) ’2

where G = o0, dj is the overall gain of the system.

Consider the all-pole model with poles at positions:

{pr} = {r& ej“’k} where

{75}
{wr }

{0.985,0.951,0.942, 0.933}
21 x {270, 550, 844, 1131} /2450;
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The impulse response of the all-pole filter satisfies the equation

P

h(n) == aph(n—k)+ dod(n)

If H(z) has its poles inside the unit circle, then h(n) is a causal,
stable sequence, and the system is minimum-phase.
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The impulse response of the all-pole filter satisfies the equation

P

h(n) == aph(n—k)+ dod(n)

If H(z) has its poles inside the unit circle, then h(n) is a causal,
stable sequence, and the system is minimum-phase.

Assuming causality, such that h(n) =0, n < 0 then it follows
h(—k) =0, k£ > 0, and therefore:

(

0 ifn <0
h(n) =< dy ifn=20
\—kazlakh(n—k) ifn>0
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A linear predictor forms an estimate, or prediction, z(n), of the

present value of a stochastic process x(n) from a linear
combination of the past P samples; that is:

z(n) = — Zak r(n — k)
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A linear predictor forms an estimate, or prediction, z(n), of the

present value of a stochastic process x(n) from a linear
combination of the past P samples; that is:

The coefficients {a } of the linear predictor are determined by
attempting to minimise some function of the prediction error

given by:

Usually the objective function is equivalent to mean-squared

z(n) = — Zak r(n — k)

e(n)

error (MSE), given by E = 5" e?(n).
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Hence, the prediction error can be written as:

e(n) =z(n) —z(n)=x(n)+ Z ai r(n — k)
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Hence, the prediction error can be written as:

e(n) =z(n) —z(n)=x(n)+ Z ai r(n — k)

® Thus, the prediction error is equal to the excitation of the
all-pole model; e(n) = w(n). Clearly, finite impulse

response (FIR) linear prediction and all-pole modelling are

closely related.

$ Many of the properties and algorithms developed for either

linear prediction or all-pole modelling can be applied to the

other.
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Hence, the prediction error can be written as:

P
e(n) =z(n) —z(n)=x(n)+ Z ai r(n — k)
k=1

® Thus, the prediction error is equal to the excitation of the
all-pole model; e(n) = w(n). Clearly, FIR linear prediction
and all-pole modelling are closely related.

® Many of the properties and algorithms developed for either

linear prediction or all-pole modelling can be applied to the

other.

® To all intents and purposes, linear prediction, all-pole

modelling, and AR processes (discussed next) are equivalent

terms for the same concept.
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While all-pole models refer to the properties of a rational
system containing only poles, AR processes refer to the resulting
stochastic process that occurs as the result of WGN being applied
to the input of an all-pole filter.
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While all-pole models refer to the properties of a rational

system containing only poles, AR processes refer to the resulting
stochastic process that occurs as the result of WGN being applied

to the input of an all-pole filter.

As such, the same input-output equations for all-pole models still

apply.
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While all-pole models refer to the properties of a rational

system containing only poles, AR processes refer to the resulting
stochastic process that occurs as the result of WGN being applied

to the input of an all-pole filter.

As such, the same input-output equations for all-pole models still

apply.

Thus:

z(n) = — Zak z(n—k)+w(n), wn)~N(0,c)
k=1

The autoregressive output, x(n), is a stationary sequence with a

mean value of zero, u, = 0.
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While all-pole models refer to the properties of a rational

system containing only poles, AR processes refer to the resulting
stochastic process that occurs as the result of WGN being applied

to the input of an all-pole filter.

Thus:

z(n) = — Zak z(n—k)+w(n), w(n)~N(0, o)

The autoregressive output, x(n), is a stationary sequence with a

mean value of zero, u, = 0.

The autocorrelation function (ACF) can be calculated in a similar

approach to finding the output autocorrelation and
cross-correlation for linear systems.
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Multiply the difference through by x*(n — [) and take

expectations to obtain:

roa(l) + Y arTan(l — k) = rug(l)
k=1
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roa(l) + Y arTan(l — k) = rug(l)
k=1
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Whereas all-pole models can capture resonant features of a
particular PSD, it cannot capture nulls in the frequency response.
These can only be modelled using a pole-zero or all-zero model.
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Whereas all-pole models can capture resonant features of a

particular PSD, it cannot capture nulls in the frequency response.
These can only be modelled using a pole-zero or all-zero model.

The output of an all-zero model is the weighted average of
delayed versions of the input signal. Thus, assume an all-zero

model of the form:

Q
zr(n) = Z di w(n — k)
k=0

where () is the order of the model, and the corresponding system

function is given by:

Q@
H(z) =D(z) = Z dy 27"
k=0
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Frequency Response of an All-Zero Filter

The all-zero model has form:
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e e H(z)=D(2) =) dvz " =do || (1 -2 27")
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The all-zero model has form:

Therefore, its frequency response is given by:

Q Q
H(e!¥) = de eIk — d, H (1 — 25 e_j“’)
k=0 k=1

When each of the zeros are written in the form 2z, = rre’“*, then
the frequency response can be written as:

Q
H(ej‘*’) = dy H (1 — T e_j(“_w’“))
k=1

Hence, it can be deduced that troughs or nulls occur near

frequencies corresponding fo the phase posifion of the zeros.
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Frequency Response of an All-Zero Filter

Hence, the PSD of the output of an all-zero filter is given by:
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Pro(e) = 03 [H(@*)[" = & [T [L e
k=1
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Hence, the PSD of the output of an all-zero filter is given by:

Q
Pro(e) = 03 [H(@*)[" = & [T [L e
k=1

2

where G = o0, dj is the overall gain of the system.

Consider the all-zero model with zeros at positions:

{21} = {rp e’“*} where

{re} =
{wr} =

{0.985,1,0.942,0.933)
27 x {270,550, 844, 1131} /2450;
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The frequency response and position of the zeros in an all-zero

system.
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All-Zero Model Power Spectrum
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Power spectral response of an all-zero model.
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A MA process refers to the stochastic process that is obtained at
the output of an all-zero filter when a WGN sequence is applied

to the input.
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The autocorrelation function is given by:

Q—Y
TQ}Q}[Z] _0'2’]"hh O' Zd ldk, forOSZSQ - p. 53/55



Stochastic Processes

Pole-Zero Models

Power Spectral Density

Linear Systems Theory

Linear Signal Models

@ Abstract

® The Ubiquitous WGN
Sequence

@ Filtration of WGN

@ Nonparametric and
parametric models

@ Parametric Pole-Zero Signal

Models
® Types of pole-zero models

@ All-pole Models
® Frequency Response of an

All-Pole Filter
® Impulse Response of an

All-Pole Filter
@ All-Pole Modelling and

Linear Prediction
@ Autoregressive Processes

® All-Zero models
® Frequency Response of an

All-Zero Filter
® Moving-average processes

® Pole-Zero Models
@ Pole-Zero Frequency
Response

The output of a causal pole-zero model is given by the recursive
input-output relationship:

P Q
x|n] = —Zakaj[n—k]—l—dew[n—k]

The corresponding system function is given by:

H(z) =

D(z) _ Yo ,dez®

AZ) T 1+3 " apat
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The pole-zero model can be written as

H(Z) _ D(Z) Hk 1 ( kz_l)

Alz) Hk (L =pr 2zt
Therefore, its frequency response is given by:

ngl (1 — <k e_jw)

H(@jw) = d() .
H£:1 (1 —preiv)

- p. 55/55



Pole-Zero Frequency Response

The pole-zero model can be written as

Stochastic Processes

Power Spectral Density B D ( Z) Hk . ( 2 2 1 )

Linear Systems Theory o A( Z) Hk . ( DL 2~ 1)

Linear Signal Models

S i—— Therefore, its frequency response is given by:

Sequence
@ Filtration of WGN

® Nonparametric and Q 1 _ ,] w
parametric models . k=1 — < k €
@ Parametric Pole-Zero Signal H (6] 2 ) p— d 0 —

Models

® Types of pole-zero models H kP: 1 ( 1 T pk € _jw )

@ All-pole Models
® Frequency Response of an
All-Pole Filter

St The PSD of the output of a pole-zero filter is given by:

All-Pole Filter
@ All-Pole Modelling and

Linear Prediction Q
@ Autoregressive Processes

® All-Zero models P (e]w) _ 0_2 ’H(ejQJ) ’2 _ G2 Hk:l

® Frequency Response of an Tr — - . 2
All-Zero Filter H | ]_ — pkﬁ e_.] w |

® Moving-average processes ki — 1

® Pole-Zero Models

® Pole-Zero Frequency

Response where G = 0, dj is the overall gain of the system.

- p. 55/55



Stochastic Processes

Pole-Zero Frequency Response

Power Spectral Density

Linear Systems Theory

Linear Signal Models

@ Abstract

® The Ubiquitous WGN
Sequence

@ Filtration of WGN

@ Nonparametric and
parametric models

@ Parametric Pole-Zero Signal

Models
® Types of pole-zero models

@ All-pole Models
® Frequency Response of an

All-Pole Filter
® Impulse Response of an

All-Pole Filter
@ All-Pole Modelling and

Linear Prediction
@ Autoregressive Processes

® All-Zero models
® Frequency Response of an

All-Zero Filter
® Moving-average processes

® Pole-Zero Models
® Pole-Zero Frequency
Response

Pole-Zero Model Magnitude Frequency Response Pole and Zero Positions
7 ‘ :

Poles
Zeros

30
1 N
0 ‘ ‘ ‘ ‘ 270
0 0.2 0.4 0.6 0.8 1
w/ T Re(z)

The frequency response and position of the poles and zeros in an

pole-zero system.
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