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Convex Optimization

Optimization Problems

minimize f(z)

subject to z €



Optimization Problems

miniggmize fx)

subject to z €

® 1 ¢ R™: optimization variable
® f:R™— R: cost function (or objective)

® () C R™: constraint set
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Example: Polynomial Fitting

Given {(:Ll,yz)}zl C R?, find "best” fitting polynomial of order k < m
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Given {(x“yl)}?; C R?, find “best” fitting polynomial of order k < m
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ag +a1x + a2x2 + a3x3 + a4x4 + asx
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Example: Polynomial Fitting

Polynomial of order k = 5:

2 3 4 5
Y =ag+ a1x + a2x” + azx” + asx” + asx
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Example: Polynomial Fitting

Polynomial of order k = 5:

2 3 4
Y =ag+ a1x + a2x” + azx” + asx” + asx

We need to find ag, a1, ...
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Example: Polynomial Fitting
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Polynomial of order k = 5:

2 3 4 5
Y =ag+ a1x + a2x” + azx” + asx” + asx

We need to find ag, a1, ..., as from the data {(zz,yl)}m

i=1

Criterion: minimize the sum of squared errors (least-squares)
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Example: Polynomial Fitting

oo

Polynomial of order k = 5:
Yy =ag+a1xr + a2m2 + (I3£L’3 + a4x4 + a5x5
We need to find ag, a1, ..., as from the data {(zz,yl)}zl

Criterion: minimize the sum of squared errors (least-squares)

2
m|n|m|ze E (yz —ap — a1x; — 0@1‘2 - a3x3 - (14934 - CL5J?5)
ao;-

=1
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Example: Polynomial Fitting

N o°
of —sogo oo a0,

Polynomial of order k = 5:

2 3 4 5
Y =ag+ a1x + a2x” + azx” + asx” + asx

We need to find ag, a1, ..., as from the data {(zz,yl)}zl

Criterion: minimize the sum of squared errors (least-squares)

2
m|n|m|ze E (yz —ap — a1x; — 0@1‘2 - a3x3 - (14934 - CL5J?5)
ao;-

‘ =1

variable: a € R®
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Example: Polynomial Fitting

\ °
#0005 oo agn,

Polynomial of order k = 5:
Yy =ag+a1xr + a2m2 + (I3£L’3 + a4x4 + a5x5
We need to find ag, a1, ..., as from the data {(zz,yl)}m

i=1

Criterion: minimize the sum of squared errors (least-squares)
2 3 4 5)°
m|n|m|ze g (yz — Qg — a1T; — A2T; — A3x; — QuT; — A5, ) = f(a)
ao,-
‘ i=1

variable: a € R®
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minimize f(a
agp,...,as

Convex Optimization

Example: Polynomial Fitting

m
2 3
) = g (yi — Qg — A1%; — G2X; — A3X; — A4T; — A5T;

=1
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Example: Polynomial Fitting

minimize f(a) = g (yi —ap — a1T; — AaTT — azT; — ayTi — asw’

agp,...,as —1
1=

A more convenient representation: vectors and matrices!
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Example: Polynomial Fitting

2
minimize f(a) = g (yi —ag — a1x; — apx? — azrd — agxt — a5x§’>
agp,...,as
i=1

A more convenient representation: vectors and matrices!

_ o %o
2 3 4 5
Y1 1z =z 2y 27 a1
2
2 3 4 5
Y2 L ow w3 a3 23 23| |ag
fla) = -
as 2
2 3 4 5
Ym 1 z, T Ty Ty Ty a4
L™ L J
Y X | 95 |
~——
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Example: Polynomial Fitting

2
minimize f(a) = g (yi —ag — a1x; — apx? — azrd — agxt — a5x§’>
agp,...,as
i=1

A more convenient representation: vectors and matrices!

_ o %o
2 3 4 5
Y1 1z =z 2y 27 a1
2
2 3 4 5
Y2 L ow w3 a3 23 23| |ag
fla) = -
as 2
2 3 4 5
Ym 1 z, T Ty Ty Ty a4
L™ L J
Y X | 95 |
——
a
minimize f(a) = ||y —XaHi
a€R®
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Example: Polynomial Fitting

2
minimize f(a) = g (yi —ag — a1x; — apx? — azrd — agxt — a5x§’>
agp,...,as
i=1

A more convenient representation: vectors and matrices!

_ o %o
2 3 4 5
Y1 1z =z 2y 27 a1
2
2 3 4 5
Y2 L ow w3 a3 23 23| |ag
fla) = -
as 2
2 3 4 5
Ym 1 Tm xm xm ‘Tm ‘TTn a4
L7 L J
Y X | 95 |
~——

mineigsize fla) = ||y — XaHE Vi) =0 < X Xa*=XTy
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What if there are outliers?

2r least-squares
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Example: Polynomial Fitting

What if there are outliers?

. 2
2t 1 [east-squares min |y — Xalf,
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Example: Polynomial Fitting

What if there are outliers?

. 2
- least-squares min ||y — Xal;
Robust solution - a€R5
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Example: Polynomial Fitting

What if there are outliers?

least-squares

Robust solution
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Example: Polynomial Fitting

What if there are outliers?

. 2
7 Igast-squares min |y — Xal|;

I

min [y - Xal|,

Robust solution

no closed-form
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Example: MAXCUT
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Cut: set of edges whose removal splits the graph into two
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Example: MAXCUT

Cut: set of edges whose removal splits the graph into two
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Example: MAXCUT

value of cut: wa7 4+ wag + wag9 + wae

Cut: set of edges whose removal splits the graph into two
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Example: MAXCUT

value of cut: wa7 + wag + W49 + W4ae
Cut: set of edges whose removal splits the graph into two

MAXCUT problem: find the cut with maximum weight
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Example: MAXCUT

value of cut: wa7 + w29 + w49 + W46
Cut: set of edges whose removal splits the graph into two
MAXCUT problem: find the cut with maximum weight

n o n
L. 1 1-— .%'i,’Bj
maximize - E E Wij—F
TER™ 2 4 - 2
=1 j=1

subject to x; € {—1,1}, i=1,...,n.
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Difficulty of optimization problems

® Closed-form solution (easy)

N 2
minimize Hy—A:z:||2
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Difficulty of optimization problems

® Closed-form solution (easy)
minimize Hy—A:z:||2
TER™ b 2

® No closed-form solution, but still solvable (easy)

miﬂanei%njze Hy — A:UHl
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Difficulty of optimization problems

® Closed-form solution (easy)

N 2
minimize Hy—A:z:||2

® No closed-form solution, but still solvable (easy)
minimize — Az
inimize |y — Az,

® Combinatorial, NP-Hard, requires exhaustive search (hard)

n

n
L. 1 1-— xﬂ:j
maximize - E E Wij—F—
zER™ 2 £t £ 2
=1 j=1

subject to  x; € {—1,1}, i=1,...,n.
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Difficulty of optimization problems

“In fact the great watershed in optimization isn't between linearity and

nonlinearity, but convexity and nonconvexity.” [Rockafellar, 93']
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Difficulty of optimization problems

“In fact the great watershed in optimization isn't between linearity and

nonlinearity, but convexity and nonconvexity.” [Rockafellar, 93']

convex nonconvex

A A

Convex Optimization 1-8



Convex Optimization

Convex problems



Convex Optimization

Convex problems

miniimize flx)

subject to z € ()



Convex Optimization

Convex problems

minizmize f(z)

subject to z € ()

convex function

convex set



Convex problems

minimize  f(x) ———— convex function
x

convex set

subject to z € ()

® Every local minimum is a global minimum

Convex Optimization 1-9



Convex problems

minimize  f(x) ———— convex function
x

convex set

subject to z € ()

® Every local minimum is a global minimum

® Solved efficiently (polynomial-time algorithms)

Convex Optimization



Convex problems

minimize  f(x) ———— convex function
x

convex set

subject to z € ()

® Every local minimum is a global minimum
® Solved efficiently (polynomial-time algorithms)

® | ots of applications: machine learning, communications, economics

and finance, control systems, electronic circuit design, statistics, etc.

Convex Optimization



Convex problems

minimize  f(x) ———— convex function
x

convex set

subject to z € ()

Every local minimum is a global minimum

Solved efficiently (polynomial-time algorithms)

® | ots of applications: machine learning, communications, economics

and finance, control systems, electronic circuit design, statistics, etc.
® Many algorithms for nonconvex optimization use convex surrogates

Convex Optimization



Convex problems

Hierarchical classification (specialized solvers):
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Hierarchical classification (specialized solvers):

linear programming
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Convex problems

Hierarchical classification (specialized solvers):

QP quadratic programming

LP linear programming

Convex Optimization 1-10



Convex problems

Hierarchical classification (specialized solvers):
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SOCP second-order cone programming
quadratically constrained QP
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Convex problems

Hierarchical classification (specialized solvers):

SDP semidefinite programming
SOCP second-order cone programming
quadratically constrained QP
quadratic programming

linear programming

Other classifications:

differentiable vs. nondifferentiable programming

unconstrained vs. constrained programming

Convex Optimization



Outline

Convex sets
Identifying convex sets

Examples: geometrical sets and filter design constraints

Convex functions
Identifying convex functions

Relation to convex sets

Optimization problems
Convex problems, properties, and problem manipulation

Examples and solvers

Statistical estimation
Maximum likelihood & maximum a posteriori
Nonparametric estimation

Hypothesis testing & optimal detection

Convex Optimization
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subject to “z € )

convex

Convex sets
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discrete sets
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B e o o e o e e e e R
discrete sets
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simple sets
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Hyperplanes

Hap = {xeR" :
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Hyperplanes

Ha,b: {:L‘ER” :

Convex sets

Simple sets




Halfspaces
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Halfspaces

Hyy={oer":
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Halfspaces

Hyy={oer":

Convex sets

Simple sets

R2

A



Halfspaces

;bz{xE]R”:

Convex sets

Simple sets

2-6



£,-Norm Balls

Convex sets

Simple sets



£,-Norm Balls

By(c,R) = {J; eR"

Convex sets

Simple sets
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Simple sets

£,-Norm Balls

By(e,R) = {z € R" : |a—c], < R}

<Zzi|p) 1<p<oo
=1

]y = =

max |x1| y D=0
i
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Simple sets

£,-Norm Balls

By(e,R) = {z € R" : |a—c], < R}

<Zzi|p) 1<p<oo
=1

]y = =

max |z , p=00
K3

Convex sets

RZ




Simple sets

£,-Norm Balls

By(c,R) = {z € R" : a—c], < R}

n 1
P
(zw) C1<p<o
=1

max |x1| y D=0
i

]y =
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Simple sets

£,-Norm Balls

By(e,R) = {z € R" : |a—c], < R}

n 1

P
(Zw) C1<p<o
llzll, = i=1

max |x’L| y D=0
i
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Simple sets

£,-Norm Balls R2

By(c,R) = {z € R" : a—c], < R} B1(0,1)
B(0,1)
Boo(0,1)

n 1

P
(Zw) C1<p<o
llzll, = i=1

max |x’L| y D=0
i
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Positive Semidefinite Matrices
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Positive Semidefinite Matrices

Sf{:{XES" : Xtonm}

Convex sets



Simple sets

Positive Semidefinite Matrices

Sf{:{XES" : Xtonm}

Convex sets

Sn

\J

/
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Simple sets

set of symmetric matrices

Positive Semidefinite Matrices qn

Sf{:{XES" : Xtonm}
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Simple sets

set of symmetric matrices

Positive Semidefinite Matrices qn

s;:{Xes":Xzom}

Convex sets 2-8



Simple sets

set of symmetric matrices

Positive Semidefinite Matrices qn

s;:{Xes":Xzom}

X = Opsn — Amin(X) >0 — v Xv>0, W

Convex sets 2-8
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Intersection

Cy, Cy, ..., C,p, : convex
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How to identify convex sets?

o Ax +b
C /—\

Intersection

Cy, Cy, ..., C,p, : convex = cCinCyn---nNC,, : convex
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How to identify convex sets?

o Ax +b
C /\

Intersection

Cy, Cy, ..., C,p, : convex = cCinCyn---nNC,, : convex

Affine operations

C : convex e {A;z:—i—b T x € C’} : convex

C : convex <— {A:z:~|—b T x € C’} : convex

Convex sets
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Polyhedrons

P:{xeR":ajxgbi, 1=1,...
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Polyhedrons

P:{xGR":a;—xgbi, i:l,...,m}
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Polyhedrons

P:{xGR":a;—xgbi, i=1,...

m
= ﬂ Hdi,bi
i=1
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Example

Polyhedrons
P:{xGR" : a;'—xgbi, i:l,...,m}

m
= ﬂ Hﬂi,bi
i=1

convex

Convex sets




Example

Polyhedrons

Pz{xeR":a;—xgbi, i:l,...,m}

m
= ﬂ Hﬂi,bi
i=1

convex

convex

Convex sets
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Ellipsoids (A - 0)
&= {x c(z—e)TA Nz —¢) < 1}

= {x s (x —c)TA_%A_%(x —0) < 1}

AL QrQT = QriniQT =

(@EiQT)(es:QT)
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Ellipsoids (A >~ 0) W £
@
S:{x : (x—c)TA_l(ac—c)gl} * .

AP 0sQT = QxixiQT = (Q32QT)(QXIQT)

= A% = A%



Example

Ellipsoids (A - 0) g
e={r:@-9 A @) <1} W:
{v:@-9Tatat@-0<1f L‘
{o:at@-al; <1}

{aty+e ul; <1}

A

[N

BQ(O7 1) +c

AP QxQT = QuiziQT = (Q2EQT)(Q2HQ)

= A% = A%



Ellipsoids (A - 0) 4

Example

&
S:{x: (x—c)TA_l(ac—c)gl} W‘

{m c(m—c)TATIA I (z—¢) < 1}
{x : HA_%(x—c)Hzgl} A

{aby+c: il <1} 32(0,1)/\
Ba(0,1) + ¢ &b

[N

A

eeeeeeeee

‘ >

A2 QRQT = QuiTiQT = (Q22QT)(Q22Q)

= A3 —: A3



Example

Ellipsoids (A - 0) 4

&
S:{x: (x—c)TA_l(ac—c)gl} W‘

‘ >

{m c(m—c)TATIA I (z—¢) < 1}

{x : HA_%(x—c)Hzgl} Azz+c

A

{aby+c: il <1} 32(0,1)/\
AEBy(0,1) + ¢ &b

A2 QRQT = QuiTiQT = (Q22QT)(Q22Q)

= A3 —: A3

[N




Example

Ellipsoids (A - 0) 4

:B B5(0,1) 4+ ¢ : convex \\J ]

A2 QEQT = @uiziQT = (Q22QT)(QQT)

= A3 = A3
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Example

Filter design constraints

Goal: design H(z) such that max,, |y[n] — yref[n]| < € for a fixed z[n]
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Assume finite impulse response (FIR):
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Example

Filter design constraints

Goal: design H(z) such that max,, |y[n] — yref[n]| < € for a fixed z[n]

Assume finite impulse response (FIR):

y[n] =hoz[n]+hizn—-1+ -+ hgzin—-d, n=1,...,N

Convex sets 2-13



Example

yln] =hoz[n]+hizn—1+ -+ hgzn —d,

Convex sets

n=1,...



Example

yln] = hoz[n] + hyzn — 1]+ -+ hgazn—d, n=1,...,N
Matrix form:

_y[l] _l‘[l] 0 0 0 1r -
ho

yl2l z2] 2l 0 0 .
1

yl3] | = 23]  =[2] z[1] 0 _
ha

yN)| 2V eN -1 el -2 - ey —a] )

_?JERN_ X ERNxd hers



Example

yln] = hoz[n] + hyzn — 1]+ -+ hgazn—d, n=1,...,N
Matrix form:
y[1] _x[l] 0 0 0 1r -
ho
y[2] z[2]  x[l] 0 0
h1
y[3] | = | z[3] z[2] x[1] 0
ha
y[N] _x[N] z[N—-1] z[N-2] --- x[N—d]_ )
—_—— heR?
yERN X ERN xd

Constraint: S ={h €R? : |lyres — Xh| < €}
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R4 —Xh + Yref
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w
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Constraint: S = {h ER? ¢ Yot — XN|loo < e}

]Rd -Xh + Yref
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Constraint: S = {h ER? ¢ Yot — XN|loo < e}

]Rd -Xh + Yref

convex
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Example

Constraint: S = {h ER? ¢ Yot — XN|loo < e}

]Rd -Xh + Yref

convex <~ convex
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Convex sets
Identifying convex sets

Examples: geometrical sets and filter design constraints

Convex functions
Identifying convex functions

Relation to convex sets

Optimization problems
Convex problems, properties, and problem manipulation

Examples and solvers

Statistical estimation
Maximum likelihood & maximum a posteriori
Nonparametric estimation

Hypothesis testing & optimal detection
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convex function

minimize f(z)

subject to z €

A A

1 - 1 -

convex nonconvex
Definition:

f :domf CR™ — R is convex when for any z,y € dom f,

Convex functions



Convex functions

minimize = f(z) convex function
x

subject to z €

A A

1 - 1 -

convex nonconvex
Definition:

f :domf CR™ — R is convex when for any z,y € dom f,

f(A=a)z+ay) <1 —a)f(@)+af(y), forall 0 <a <1.
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x y
convex nonconvex

Definition:
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convex function

minimize f(z)

subject to z €

A

v

z Yy
convex nonconvex

Definition:

f :domf CR™ — R is convex when for any z,y € dom f,

f(A=a)z+ay) <(1—a)f(@)+af(y), forall 0 <a <1.
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convex function

minimize f(z)

subject to z €

A

v

z Yy
convex nonconvex

Definition:

f :domf CR™ — R is convex when for any z,y € dom f,

f(A=a)z+ay) <(1—a)f(@)+af(y), forall 0 <a <1.
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Convexity under differentiability

f(l—a)z+ay) < (1—-a)f(@)+af(y),

vac,yedomf , € [07 ]-]



Convexity under differentiability
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Convexity under differentiability

f(A=—a)rt+ay) <A -a)f(z) +af(y),  Veyedoms, @ €[0,1]

Equivalent statements

® When f is differentiable,
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Convexity under differentiability

F(Q=-a)z+ay) <(1-a)f(z) +af(y),
Equivalent statements

® When f is differentiable,

fy) > f@)+ V@) (y—=),

Convex functions
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Convexity under differentiability

f(A=—a)rt+ay) <A -a)f(z) +af(y),  Veyedoms, @ €[0,1]

Equivalent statements

® When f is differentiable,

f(y) > f(.’L') + Vf(a:)T(y - .%‘) ’ v:Jc,yedomf
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Convexity under differentiability

f((l - a)x + ay) < (1 - Oé)f(.’L') + af(y) ) v9B’y€d°mf y @€ [07 1]

Equivalent statements

® When f is differentiable,

f(y) > f(.’L') + vf(x)-r(y - .’L‘) ’ v:Jc,yedomf
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Convexity under differentiability

f((l - a)x + ay) < (1 - Oé)f(.’L') + af(y) ) v9B’y€d°mf y @€ [07 1]

Equivalent statements

® When f is differentiable,

f(y) > f(.’L') + vf(x)-r(y - .’L‘) ’ v:Jc,yedomf

f@) + V@) (y - )

\

® When f is twice-differentiable,

VZf(x) = 0, vJ;Edomf
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Examples

Norms f(z) = ||z| .

Since for any z and y, and 0 < a < 1,

(1 = )z + ay
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Since for any z and y, and 0 < a < 1,
tr. ineq.
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Norms f(z) = ||z| .
Since for any z and y, and 0 < a < 1,
tr. ineq.
[1-a)z+ayl| < [(1-a)z|+ eyl =(1-a)lzl+alyl,

all norms are convex.

Exponential
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Norms f(z) = ||z| .
Since for any z and y, and 0 < a < 1,
tr. ineq.
[1-a)z+ayl| < [(1-a)z|+ eyl =(1-a)lzl+alyl,

all norms are convex.

Exponential f(x) =exp(az), a€R.
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Norms f(z) = ||z| .
Since for any z and y, and 0 < a < 1,
tr. ineq.
[I-a)z+ayl| < [[(I-a)z|+][ay]=@1-a)lz]+clyl,

all norms are convex.

Exponential f(x) =exp(az), a€R.
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Norms f(z) = ||z| .

Since for any z and y, and 0 < a < 1,

tr. ineq.
A —a)z+ay| < [(1-a)z]+ eyl =1 -a)lz]+alyll,

all norms are convex.

Exponential f(x) =exp(az), a€R.
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Pl (x) = a® exp(azx) > 0
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Examples

Norms f(z) = ||z| .

Since for any z and y, and 0 < a < 1,

tr. ineq.
A —a)z+ay| < [(1-a)z]+ eyl =1 -a)lz]+alyll,

all norms are convex.

Exponential f(x) =exp(az), a€R.

d2

Pl (x) = a® exp(azx) > 0 = f : convex
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Examples

Quadratic function f(z)=1zTAz+b 2 +c
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Quadratic function f(z)=12TAz+bT2+c (A >0)

Convex functions
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Vif(z)=A=0 =

f - convex



Examples

Quadratic function f(z) =32TAz+bTz+c (A= 0)

Vif(r) =A=0 = f : convex

Particular cases:
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A=1,,b=0,, c=0 = |2]|3 : convex
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Examples

Quadratic function f(z) =32TAz+bTz+c (A= 0)

Vif(r) =A=0 = f : convex

Particular cases:

A=1,,b=0,, c=0 = |2]|3 : convex

A= Onxn
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Examples

Quadratic function f(z) =32TAz+bTz+c (A= 0)

Vif(r) =A=0 = f : convex

Particular cases:

A=1,,b=0,, c=0 = |2]|3 : convex

A=0,xn e b 'z +c: convex
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x~
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is convex (an inner product)
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Examples

For X, W e R™*", X — tr(WTX) s convex (an inner product)

n n m

r(WTX) =3 (WTX),, =3 WuXy
k=1 k=11i=1
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For X, W e R™*" X tr(WTX)

r(W'X)=> (W'X),
k=1
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Examples

For X, W e R™*" X tr(WTX)

r(W'X)=> (W'X),
k=1

= vec(W) Tvec(X)

Convex functions

n m

Z Z Wszzk =

k=11i=1

Wl n

Wmn

is convex (an inner product)
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Equivalent definitions of convexity

f((]- - Oé).T =+ ay) S (1 - O‘)f(x) + af(y) ) Vryyedomf , € [O’ 1]

Equivalent statements
® g(t) = f(x+ty) (¢g:R—R) is convex for all z 4ty € dom f

® Sublevel sets S, := {x : f(z) < a} are convex for all @ € R
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Equivalent definitions of convexity

f((]- - O‘)x =+ ay) S (1 - O‘)f(x) + O‘f(y) ) Vryyedomf , € [0’ 1]

Equivalent statements
® g(t) = f(x+ty) (¢9:R—R) is convex for all  + ty € dom f

® Sublevel sets S, := {x : f(z) < a} are convex for all @ € R
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Equivalent definitions of convexity
f((]- - O‘)x + ay) < (1 - O‘)f(x) + af(y) ) vat,yedomf y @€ [0, ]-]
Equivalent statements

® g(t) = f(x+ty) (¢9:R—R) is convex for all  + ty € dom f

® Sublevel sets S, := {x : f(z) < a} are convex for all @ € R
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Equivalent definitions of convexity

f((]- - O‘)x =+ ay) (1 - O‘)f(x) + af(y) ) Vm,yedomf , € [0’ 1]

Equivalent statements

® g(t) = f(x+ty) (¢9:R—R) is convex for all  + ty € dom f

® Sublevel sets S, := {x :

® Epigraph epi f := {(z,?) :

f(x) < a} are convex for all @ € R

f(z) <t} is convex
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Operations preserving convexity
Nonnegative weighted sums
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== wifi 4w f
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Operations preserving convexity
Nonnegative weighted sums

fi,---y fm @ convex
yeeesJm — wifr+ -+ Wy frn ¢ convex

Wiyeooy W 20

Precomposition with affine maps

f ¢ convex = g(z) = f(Az +b) : convex
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Operations preserving convexity
Nonnegative weighted sums

fi,---y fm @ convex
R s JJm — wifr+ -+ Wy frn ¢ convex

Wiy« - s Wm 20

Precomposition with affine maps

f ¢ convex = g(z) = f(Az +b) : convex

Pointwise maximum/supremum
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Operations preserving convexity
Nonnegative weighted sums

fi,---y fm @ convex
R s JJm — wifr+ -+ Wy frn ¢ convex

Wiy« - s Wm 20

Precomposition with affine maps

f ¢ convex = g(z) = f(Az +b) : convex

Pointwise maximum/supremum

fi : convex, foriel
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Operations preserving convexity
Nonnegative weighted sums

fi,---y fm @ convex
yeeesJm — wifr+ -+ Wy frn ¢ convex

Wiyeooy W 20

Precomposition with affine maps

f ¢ convex = g(z) = f(Az +b) : convex

Pointwise maximum/supremum

fi : convex, foriel == sup f; : convex
i€l
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The set I is arbitrary: can even be uncountable

Example: Largest eigenvalue of a matrix Apax(A) is convex
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Operations preserving convexity
The set I is arbitrary: can even be uncountable

Example: Largest eigenvalue of a matrix Apax(A) is convex

Amax(4) = max o' Av

st. ol =1
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Operations preserving convexity

The set I is arbitrary: can even be uncountable

Example: Largest eigenvalue of a matrix Apax(A) is convex

Amax(4) = max o' Av = max fo(4)
v ve
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where

V=A{v:|vl2=1}
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The set I is arbitrary: can even be uncountable

Example: Largest eigenvalue of a matrix Apax(A) is convex

Amax(4) = max o' Av = max fo(4)
v ve
st. ol =1

where
V=A{v:|vf2 =1}

fo(A) =0T Av = tr(vTAv)
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Operations preserving convexity

The set I is arbitrary: can even be uncountable

Example: Largest eigenvalue of a matrix Apax(A) is convex

Amax(4) = max o' Av = max fo(4)
v ve
st. ol =1

where
V=A{v:|vf2 =1}

fo(A) =0T Av = tr(vTAv) = tr(vaA)
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Operations preserving convexity

The set I is arbitrary: can even be uncountable

Example: Largest eigenvalue of a matrix Apax(A) is convex

Amax(4) = max o' Av = max fo(4)
v ve
st. ol =1

where
V=A{v:|vf2 =1}

fo(A) =0T Av = tr(vTAv) = tr(vaA) = tr((va)TA)
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Operations preserving convexity

The set I is arbitrary: can even be uncountable

Example: Largest eigenvalue of a matrix Apax(A) is convex

Amax(4) = max o' Av = max fo(4)
v ve
st. ol =1

where

V=A{v:|vl2=1}

fo(A) =vTAv = tr(vT Av) = tr(vv T A) = tr((vv ") T A) :

Convex functions

convex
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* f(z) = HZ/ - Ax“i =g(h(z)) : convex

hz)=—-Az+y

9(2) = |1=113
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Examples

* f(z) = HZ/ - Ax“i =g(h(z)) : convex

hz)=—-Az+y

9(2) = |1=113

* fl@)=|ly - Afl,
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Examples

* f(z) = HZ/ - Ax“i =g(h(z)) : convex

hz)=—-Az+y

9(2) = |1=113

* f(x) =|ly — Az|, = g(h(z)): convex

hiz)=—-Az+y

9(2) = llzlh

Convex functions

affine

convex

affine

convex
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Convex optimization problems

minimize  f(x)
xT
subject to  g;(x) <

hi(x)=0, i=1,...,p
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Convex optimization problems

minigcmize f(x)

convex
subject to  ¢;(z) <0, i=1,...,m convex
hi(x)=0, i=1,...,p affine

Some notation

Optimal value: p* = inf f(z)

st. ze€f
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Convex optimization problems

minigcmize f(x)

convex
subject to  ¢;(z) <0, i=1,...,m convex
hi(x)=0, i=1,...,p affine

Some notation

Optimal value:  p* = inf f(z) € [—o0,+o0]
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minigcmize f(x)

convex
subject to  ¢;(z) <0, i=1,...,m convex
hi(x)=0, i=1,...,p affine
Some notation unbounded
Optimal value:  p* ir;f flx) € [—Lod—oo]
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Some notation

Optimal value:

A minimizer:

Optimization problems

Convex optimization problems

minigcmize f(x)

subject to  g;(x) <

0
hi(x)=0, i=1,...,p
‘unbounded
p* inf f(x) € [—o0, +o0]
st. ze€f ‘infeasible

x* € argmin f(z)
x

s.t. T e

convex
convex

affine
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minimize  f(x) (P1)

subjectto z€ X

minimize  ¢(y) (P2)
Yy

subjectto yeY
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minimize
xT
subject to

minimize
Yy
subject to

(P1) and (P2) are equivalent when
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Equivalence between optimization problems

minimize  f(x) (P1)

subjectto z€ X

minimize  ¢(y) (P2)
]

subjectto yeY

(P1) and (P2) are equivalent when
® Given a solution z* of (P1) we can obtain a solution y* of (P2)

® Given a solution y* of (P2) we can obtain a solution z* of (P1)
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minimize
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maximize f(x)

minilr_nize f(x)

subjectto x>0
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minilr_nize f(x)

subjectto x>0

minixmize f(zx)
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maximize f(x)

minilr_nize f(x)

subjectto x>0

minixmize f(zx)

Optimization problems

Examples

— minimize — f(x)

x

— minimize f(ey)
Y

minimize ¢
— @t
subject to  f(x) <t
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minimize f(z)
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minimize
xT

minimize
xT

Optimization problems

af(x)+b

>0

f(z)

‘convex

Examples

—

minimize f(x)



Examples

minimize a f(x) +b = minimize f(x)
-

minimize f(x) — minimize g(f(z))
‘convex

Optimization problems



Examples

minimize a f(x) +b = minimize f(x)
-
minimize f(x) = minimize g(f(x))
x T
‘convex if imf C domg

and go f: convex
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® n airplanes land in order 1,2,....n
® ¢,: arrival time of airplane ¢

® Airplane i has to land in interval [m;, M;]
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Air Traffic Control

® n airplanes land in order 1,2,....n
® ¢,: arrival time of airplane ¢

® Airplane i has to land in interval [m;, M;]

ma ]\11 mo M2 ms A[;

tl t2 t3 t4

Goal: compute tq, ..., t, that maximize min; ¢;11 —¢;
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Air Traffic Control

® n airplanes land in order 1,2,....n
® ¢,: arrival time of airplane ¢

® Airplane i has to land in interval [m;, M;]

ma ]\11 mo M2 ms A[;
tl t2 t3 t4
—
m_in ti+1 — ti

Goal: compute tq, ..., t, that maximize min; ¢;11 —¢;

Optimization problems
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1=1
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Air Traffic Control

maximize min {tz —t1, t3—ta, ..., tp ftn_l}

ST 2%
subjectto m; <t; < M;, 1=1,...,n
= minimize —min {t2 R —tn,l}
1s--5bn

subjectto m; <t; < M;, i=1,...,n

Optimization problems



Air Traffic Control

maximtize min {tz*tl, ts —to, ..., tnftn_l}
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subjectto m; <t; < M;, 1=1,...,n
= minimize —min {t2 R —tn,l}
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= minimtize max {tl —to, to—1t3, ..., th_1 — t"}
1secesln
subjectto m; <t; < M;, 1=1,...,n
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Air Traffic Control

maximtize min {tz*tl, ts —to, ..., tnftn_l}
1secesln
subjectto m; <t; < M;, 1=1,...,n
= minimize —min {t2 R —tn,l}
1y-rosbln
subjectto m; <t; < M;, i=1,...,n
= minimtize max {tl —to, to—1t3, ..., th_1 — t"}
1secesln
subjectto m; <t; < M;, 1=1,...,n

Convex
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Optimization problems

Air Traffic Control
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<= minimize
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minimize
1secesbn

subject to

<= minimize
t1,..05tn,s

subject to

= minimize
ti,..,tn,s

subject to

Optimization problems

Air Traffic Control

max{tl—tz, tg—t37

S

max{tlftg, tgftg,

miftiSMi, iZl,...

tl—tQSS

tn—l *tn S S

’ tnfl - tn}

,n
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Air Traffic Control
This is a linear program (LP):

minimize ¢'z
xT

subject to Ax <b

with x = (tl,...,tn,s) ERTH—l, c= (O7 ,071)
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Air Traffic Control
This is a linear program (LP):

minimize ¢'z
xT

subject to Az <b

with z = (t1,...,t,,s) € R*"™ ¢=(0,---,0,1), and

1 -1 o --- 0 0o -1 0
0 1 -1 --- 0 0o -1
0 — -1 0
A: —1 0 b: —m1
1 My
-1 — My,
1 M,

Optimization problems
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Air Traffic Control

Can be solved, e.g., with MATLAB's linprog solver

But we have to explicitly construct A, b, and c . ..

CVX (cvxr.com/cvx) manipulates and solves convex problems

TFOCS Aboutus  News

E

RESEARCH citing

CVX Forum 1%
Support  Licensing

Version 2.1, December 2018, Build 1127

optimization courses. Click here to watch it.

atry!

the following convex optimization model:

Optimization problems

CVX: Matlab Software for Disciplined Convex Programming

New: Professor Stephen Boyd recently recorded a video introduction to CVX for Stanford’s convex

CVX 3.0 beta: We've added some interesting new features for users and system administrators. Give it

CVX is a Matlab-based modeling system for convex optimization. CVX turns Matlab into a modeling language,
allowing constraints and objectives to be specified using standard Matlab expression syntax. For example, consider




Air Traffic Control

cvx_begin
variables tl1 t2 t3 t4 t5;
maximize( min([t2—tl, t3—t2, t4—t3, t5—t4])

subject to

1 <= tl <= 2;
3 <= t2 <= 4;
5 <= t3 <= 6;
7 <= t4 <= 8;
9 <= tb <= 10;

cvx_end

Optimization problems
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Air Traffic Control

cvx_begin
variables tl1 t2 t3 t4 t5;
maximize( min([t2—tl, t3—t2, t4—t3, t5—t4])
subject to
1 <= tl <= 2;
3 <= t2 <= 4;
5 <= t3 <= 6;
7 <= t4 <= 8;
9 <= tb <= 10;

cvx_end

(5, 85, 5, 4, t5) = (1, 3.25, 5.5, 7.75, 10)

Optimization problems

);
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® £7T to invest in n assets

® r;: return of asset ¢, for ¢ =1,...,n (random variables)
® First two moments of the random vector r = (rq,...,7,) are known:
T
p = E[r] S=E[r—p)(r—mpn']
® An investment x = (x1,...,%,) has return
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® r;: return of asset ¢, for ¢ =1,...,n (random variables)
® First two moments of the random vector r = (rq,...,7,) are known:
T
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® r;: return of asset ¢, for ¢ =1,...,n (random variables)
® First two moments of the random vector r = (rq,...,7,) are known:
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® An investment x = (x1,...,%,) has return
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® First two moments of the random vector r = (rq,...,7,) are known:
T
p = E[r] S=E[r—p)(r—mpn']
® An investment x = (x1,...,%,) has return
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Portfolio Optimization

® £7T to invest in n assets

® r;: return of asset ¢, for ¢ =1,...,n (random variables)
® First two moments of the random vector r = (rq,...,7,) are known:
T
p = E[r] S=E[r—p)(r—mpn']
® An investment x = (x1,...,%,) has return

s()=r"x=rz +- Frpz,

E[s(x)] =E[r]ai+ - +E[r)ep=pmiz1+ -+ ppxn =u'x

Var(s(z)) = E{(S(l‘) - E[s(x)])ﬂ = E[((r - u)Tx)z} —z' Yz
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Different investment strategies

® Minimize variance while guaranteeing minimum expected return spin:

minimize  Var(s(z)) = minimize ' YXx
x x
subject to z >0, subject to x>0,
Le=T Je=T

E[s(z)] > Smin L' > Smin
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Portfolio Optimization

Different investment strategies

® Minimize variance while guaranteeing minimum expected return spin:

minizmize Var(s(z)) = miniwmize ' Y

subject to z >0, subject to x>0,
Le=T Je=T
E[s(z)] > Smin 1’z > Smin

Convex Quadratic Program (QP)

Optimization problems 3-14
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® Maximize expected return with risk penalty 5 > 0:
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® Maximize expected return with risk penalty 5 > 0:

maximize E[s(z)] — 3 Var(s(z))

x

subject to x>0,
1e=T

n

Optimization problems 3-15
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Portfolio Optimization

® Maximize expected return with risk penalty 5 > 0:

Optimization problems

maximize
xT

subject to

minimize
xT

subject to

E[s(z)] — B Var(s(z))
x>0,

1;';33 =T

—p'r+ B8
x>0,

V=T

Convex QP



MAXCUT

value of cut: wa7 + w29 + w49 + W46
Cut: set of edges whose removal splits the graph into two
MAXCUT problem: find the cut with maximum weight

n n
L. 1 1-— xiacj
maximize —= E E Wij————
TER™ 2 . 2 t 2
=1 j=1

subject to x; € {—1,1}, i=1,...,n.

Optimization problems
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— XiT;
* l]
pr = mg;ax fE gw”

i=1 j=1

st. xe{-1,1}, i=1,....n

1 n n n n
= — min - Wi T; T — Wj
. 4 E ,E , ijLilj E E ij
i=1 j=1 i=1 j=1
st. 22=1, i=1,...,n
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— XiT;
* l]
pr = mg;ax fE gw”

i=1 j=1
st. ze{-1,1}, i=1,...,n
- 1 n n n o n
= — mxln 1 ZZwijxixj—ZZwij
i=1 j=1 i=1 j=1
st. 22=1, i=1,...,n

1
= — min 1 (xTWx — ll—Wln)

st. a2=1, i=1,...,n
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W e Rnx":

Optimization problems

xlxj
= max ,E g wlj
x

i=1 j=1
st. ze{-1,1}, i=1,....n

1 n o n non
=i g [ZZ“’W% - ZZ“’M]

i=1 j=1 i=1 j=1

2 _ -
st. oz =1, 1=1,...,n

1
= — min 1 (xTWx — ll—Wln)

st. a2=1, i=1,...,n

weighted adjacency matrix
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1
—p* = rnzin Z(a:TWx — IEWLL)
s.t. x?zl, 1=1,....n
o Wz = tr(:cTWx) = tr(WxxT)
T X>=0
® Forany X € S"andz € R", X =uz=z —
rank(X) =1

Optimization problems



T 4
s.t. x?zl, 1=1,....n
o Wz = tr(:cTWx) = tr(WxxT)

® Forany X € S" and ¢ € R"™, X =2z <—

—p© = min %(tr(WX) — 1;W1n)

Xesn

s.t. Xuil, ’L:L
X=0
rank(X) =1

Optimization problems

)
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X=0
rank(X) =1



T 4
s.t. x?zl, 1=1,....n
o Wz = tr(:cTWx) = tr(WxxT)
T X>=0
® Forany X € S"andz € R", X =uz=z —
rank(X) =1
* : 1 T
—p* = min f(tr(WX) -1, Wln)
Xesn 4
s.t. Xuil, ’iil,...7ﬂ
X=0
nonconvex

rank(X) =1

Optimization problems



Relax ...
—p© = min 1(tr(VVX) - 1;W1n)

Xesn 4

s.t. Xl'iil, ’iil,...7n
X=0
rank(X) =1

Optimization problems
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s.t.

min
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—

1
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Xiiil, ’iil,...7ﬂ
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Relax ...

Optimization problems

Y

min
Xesn

s.t.

min
Xesn

s.t.

—

1

7 (er(wx) = 17w,
Xl'iil, ’iil,...7n
X =0

rank(X) =1

1 T

< (er(wx) = 17w,
Xii:]-a 7;:1,...711
X>0

Convex Semi-Definite Program (SDP)



Procedure: (Goemans & Williamson, 95')

Optimization problems

3-20



Procedure: (Goemans & Williamson, 95')

® Solve SDP, obtaining X*

Optimization problems

3-20



Procedure: (Goemans & Williamson, 95')
® Solve SDP, obtaining X*

® Factorize X* =V TV, where V = ['Ul Vo

Optimization problems

Un

3-20



Procedure: (Goemans & Williamson, 95')
® Solve SDP, obtaining X*
® Factorize X* =V TV, where V = {Ul vy - Un:|

® Draw r uniformly at random from unit-sphere {z € R" : ||z]|; = 1}
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Procedure: (Goemans & Williamson, 95')

® Solve SDP, obtaining X*

® Factorize X* =V TV, where V = {vl vy e vn}

® Draw r uniformly at random from unit-sphere {z € R" : ||z]|; = 1}

® The following sets define a cut C' on the vertices of the graph:

S:{i:rTviZO} Scz{i:rTvi<0}
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Procedure: (Goemans & Williamson, 95')
® Solve SDP, obtaining X*
® Factorize X* =V TV, where V = {vl vg e vn}
® Draw r uniformly at random from unit-sphere {z € R" : ||z]|; = 1}
® The following sets define a cut C' on the vertices of the graph:
S:{i:rTviZO} Scz{i:rTvi<0}
It can be shown that

d* > p* > E[C] > 0.87856 d*

Optimization problems 3-20
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Solving Optimization Problems

CVX & other solvers are great for
® prototyping

® small-scale problems

Large-scale problems & real-time solutions require tailored solvers
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minimize  ||z||1
x

subject to Az =1b

where A € R™*™ and b € R™ are generated randomly.
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where A € R™*™ and b € R™ are generated randomly.

For n = 5000 and m = 500,
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Example:

minimize  ||z||1
x

subject to Az =1b

where A € R™*™ and b € R™ are generated randomly.

For n = 5000 and m = 500,

® CVX: 56.16 s

® SPGL1: 0.82 s (tailored solver)
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Optimization Algorithms

® Unconstrained & differentiable
Gradient descent (and Nesterov's acceleration scheme)
Block coordinate descent

Newton (and approximations)
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Optimization Algorithms

® Unconstrained & differentiable
Gradient descent (and Nesterov's acceleration scheme)
Block coordinate descent

Newton (and approximations)

® Constrained & differentiable
Projection methods (projected gradient descent, Frank-Wolfe, .. .)
Interior-point algorithms (classes LP, QP, SOCP, SDP)

* Non-differentiable
Subgradient descent

Proximal methods (proximal gradient descent, ADMM, primal-dual)
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Optimization Algorithms

® Unconstrained & differentiable
Gradient descent (and Nesterov's acceleration scheme)
Block coordinate descent

Newton (and approximations)

® Constrained & differentiable
Projection methods (projected gradient descent, Frank-Wolfe, .. .)
Interior-point algorithms (classes LP, QP, SOCP, SDP)

* Non-differentiable
Subgradient descent

Proximal methods (proximal gradient descent, ADMM, primal-dual)

And now, neural networks!
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Nesterov’s acceleration scheme

minia:mize flx)

e f:R" = R: differentiable
® Vf: Lipschitz-continuous, i.e., there exists L > 0 such that

IVf(y) =Vf@)lz < Lly —zl2,  forallz,y € dom f
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Nesterov’s acceleration scheme

minia:mize flx)

e f:R" = R: differentiable
® Vf: Lipschitz-continuous, i.e., there exists L > 0 such that

IVf(y) =Vf@)lz < Lly —zl2,  forallz,y € dom f

® f*:=min, f(z)> -0

Optimization problems



Nesterov’s acceleration scheme

Gradient descent:
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Nesterov’s acceleration scheme

Gradient descent: starting at arbitrary 2° € R",
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Nesterov’s acceleration scheme

Gradient descent: starting at arbitrary 2° € R",

kil _ ok L 2
T =z LVf(w)
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Nesterov’s acceleration scheme

Gradient descent: starting at arbitrary 2° € R",

xk-‘rl _ (Ek _ %Vf(l'k) f(l'k) _ f* <
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Nesterov’s acceleration scheme

Gradient descent: starting at arbitrary 2° € R",

L

kel _ ok L k ok
2l =g LVf(w) f(:vk) f §2k

0 _ *||2
||ac T |9

Nesterov’s method: starting at arbitrary y° € R”,
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Nesterov’s acceleration scheme

Gradient descent: starting at arbitrary 2° € R",

gt = ok — %Vf(wk) flz®) — < £||ac0 -z

Nesterov’s method: starting at arbitrary y° € R”,

ZF L = b %vf(yk)

=X _—

k-1
k+1 k_ k+1 _ .k
Y k+2($ x)
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Nesterov’s acceleration scheme

Gradient descent: starting at arbitrary 2° € R",

. 1 .
P =k - V(") £@*) = 1 < arlle® — o
Nesterov’s method: starting at arbitrary y° € R”,
kil _ ok L E
T =y Vf(y ) f(mk) e 2L ” 0 *Hz
(k+1)2 2

k—1
k+1 k phtl _ ok
Y “r@ )
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m
m?tneiﬁj?jze log ; exp (aiTx +b)

randomly generated data with m = 500, n = 50
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Example

m
migeiﬁjnize log ; exp (aiTx +b)

randomly generated data with m = 500, n = 50

|f(x*) — £*1/1£*]

10%

10°

0 500 1000 1500 2000
iterations k
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Example

m
migeiﬁjnize log ; exp (aiTx +b)

randomly generated data with m = 500, n = 50

|f(x*) — £*1/1£*]

10%

100F T

0 500 1000 1500 2000
iterations k
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Example

m
migeiﬁjnize log ; exp (aiTx +b)

randomly generated data with m = 500, n = 50

|f(x*) — £*1/1£*]

10%

1001

Nesterov

0 500 1000 1500 2000
iterations k
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Outline

Convex sets
Identifying convex sets

Examples: geometrical sets and filter design constraints

Convex functions
Identifying convex functions

Relation to convex sets

Optimization problems
Convex problems, properties, and problem manipulation

Examples and solvers

Statistical estimation
Maximum likelihood & maximum a posteriori
Nonparametric estimation

Hypothesis testing & optimal detection
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Maximum likelihood

Y € R™: random vector with density fy (y; 1)

x € R™: parameter to estimate (we may know that x € C' C R"™)

Maximum Likelihood (ML) estimate:  Given realization y of Y,
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Maximum likelihood

Y € R™: random vector with density fy (y; 1)

x € R™: parameter to estimate (we may know that x € C' C R"™)

Maximum Likelihood (ML) estimate:  Given realization y of Y,

maxjcmize fy (y; a:)

subjectto ze€C
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Maximum likelihood

Y € R™: random vector with density fy (y; 1)

x € R™: parameter to estimate (we may know that x € C' C R"™)

Maximum Likelihood (ML) estimate:  Given realization y of Y,

maximize  fy (y; a:) = maximize log fy (y; x)
x x

subjectto ze€C subjectto z e C
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Maximum likelihood

Y € R™: random vector with density fy (y; 1)

x € R™: parameter to estimate (we may know that x € C' C R"™)

Maximum Likelihood (ML) estimate:  Given realization y of Y,

maximize  fy (y; a:) < maximize log fy (y; 96)
xT x
subjectto ze€C subjectto z e C
— minimize  —log fy (y; x)

x

subject to z € C
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Maximum likelihood

Y € R™: random vector with density fy (y; a:)

x € R™: parameter to estimate (we may know that x € C' C R"™)

Maximum Likelihood (ML) estimate:  Given realization y of Y,

maximize  fy (y; at) < maximize log fy (y; 96)
x x
subjectto ze€C subjectto z e C
— minimize  —log fy (y; x)
T

subject to z € C

negative log-likelihood
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Maximum likelihood

Example: linear measurement model
® Parameter to estimate: x € R"

® QObservations: Y; = aiTx +V, i=1,

...,m, for known a; € R"

Vi: iid copies of random variable V' with density fy (v)

Statistical estimation

4-3



Maximum likelihood

Example: linear measurement model
® Parameter to estimate: x € R"
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iid copies of random variable V' with density fy (v)
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Maximum likelihood
Example: linear measurement model
® Parameter to estimate: x € R"
® QObservations: Y; = aiTx +V;,, i=1,...,m, for known a; € R™

V;: iid copies of random variable V' with density fy (v)

= Y; has density fy(y; —a, 7) and Yj's are independent

m

= v, W Ym) = an(yi) = va(yi —a/ z)
i=1

i=1
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Maximum likelihood
Example: linear measurement model
® Parameter to estimate: x € R™

® QObservations: Y; = aiTx +V;,, i=1,...,m, for known a; € R™

V;: iid copies of random variable V' with density fy (v)

= Y; has density fy(y; —a, 7) and Yj's are independent

= fY1"'Ym(y17 s 7ym) = nyl(yl) = va(yz - a;l'x)
i=1 i=1
— o —
The a;'s will denote the rows of A = : € Rmxn
T
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Maximum likelihood

m

TML € argmin — longV(yi —a} )
x

Statistical estimation

i=1
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Maximum likelihood

m

ImL € argmm - longV —ajz) = argmm - Zlog fv(yi —a z)

i=1 i=1
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Maximum likelihood
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=1 =1

Common noise densities:
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Maximum likelihood

m

IuL € arg min — longV —ajz) = arg min — Zlog fviy

=1 =1

Common noise densities:

Gaussian:

Statistical estimation
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Maximum likelihood

m

IuL € arg min — longV —ajz) = arg min — Zlog fviy

=1 =1

Common noise densities:

Gaussian: 'V ~ N(0,0?)

Statistical estimation

i —a; x)
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Maximum likelihood

m

IuL € arg min — longV —ajz) = arg min — Zlog fviy

i=1 i=1

Common noise densities:

Gaussian: V ~ N(0,0?) fv(v) = \/2;7 exp (— %)

Statistical estimation

i —a; x)
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Maximum likelihood

m

IuL € argmm — longV —ajz) = argmm — Zlog fv(yi —a x)

i=1 i=1

Common noise densities:

Gaussian: V ~ N(0,0?) Jv(v) = \/2;7 exp (= 552)
m
. ) 1 (yi —a x)*
P < agmin =3 log p e~ )
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Maximum likelihood

m

IuL € arg min — longV —ajz) = arg min — Zlog fviy

i=1 i=1

Common noise densities:

Gaussian: V ~ N(0,0?) Jv(v) = \/2;7 exp (= 552)
m
. ) 1 (yi —a x)*
P < agmin =3 log p e~ )

m

1
= argwInln ﬁ Z (y’L

Statistical estimation

i —a; x)
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Maximum likelihood

IuL € arg min — longV —ajz) = arg min — Zlog fviy

i=1 i=1

Common noise densities:

Gaussian: V' ~N(0,0?) fo) = gz esp (= 57)
m o T 2
TmL € arg;nin — ;log % exp < _ %)

m

1
= argwlnln ﬁ Z (y’L

1 2
arg:nln ﬁ”y — Ax”2

Statistical estimation

i —a; x)
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Maximum likelihood

IuL € arg min — longV —ajz) = arg min — Zlog fviy

i=1 i=1

Common noise densities:

Gaussian: V' ~N(0,0?) fo) = gz esp (= 57)
m o T 2
TmL € arg;nin — ;log % exp < _ %)

m

1
= argwlnln ﬁ Z (y’L

arg:nin %Hy — Ax”i Convex

Statistical estimation

i —a; x)
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Maximum likelihood

Tyl € argmin — Zlog fv(yi —af )
x

=1

Laplacian:
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Maximum likelihood

Tyl € argmin — Zlog fv(yi —af )
x

=1

Laplacian: V ~ L(0, a) fv(v) = \/1271 exp (— L (a>0)
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Maximum likelihood

Tyl € argmin — Zlog fv(yi —af )
x

=1

Laplacian: V ~ L(0, a) fv(v) = \/1271 exp (— L (a>0)

a
m
- . 1 ly; — a; x|
z € ar mln—g log — ex (—77)
ML gw g p

i=1 V2a a
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Maximum likelihood

Tyl € argmin — Zlog fv(yi —af )
x

=1

L]

\/12faexp(—a) (a>0)

Laplacian: 'V ~ L(0, a) fr(v) =

m
. . 1 lyi — a] z|
Iyl € argmin — log —— ex (—77)
g1 ; g 5= XD -

m
.1 T
argmin — E !yi—ai x|
z a4
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Maximum likelihood

Tyl € argmin — Zlog fv(yi —af )
x

=1

L]

\/12faexp(—a) (a>0)

Laplacian: 'V ~ L(0, a) fr(v) =

T

m
. . 1 lyi —a; x|
Iyl € argmin — log —— ex (—77)
g1 ; g 5= XD -

m
.1 T
= argmin — E !yi—ai x|
z a4

= argmin 1||y — Ale
. a
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Maximum likelihood

Tyl € argmin — Zlog fv(yi —af )
x

=1

L]

\/12faexp(—a) (a>0)

Laplacian: 'V ~ L(0, a) fr(v) =

T

m
. . 1 lyi —a; x|
Iyl € argmin — log —— ex (—77)
g1 ; g 5= XD -

m
.1 T
argmin — E ’yi—ai x|
z a4

= argmin 1||yan7H1 Convex
. a
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Maximum likelihood
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Uniform:

Statistical estimation

Maximum likelihood

V nl(=e0) friw ={ ¥
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Maximum likelihood
2¢c ’ |U| S c
Uniform: V ~U(—c,c) fv(v) = {

m
Tyl € argmin — Zlog fv (yi —a;rx)
* i=1

Statistical estimation 4-6



Maximum likelihood

3+ b <e
Uniform: 'V ~U(—c,c) fv(v) = {
0 , oth.
m
Tme € argmin — Zlog fv(yi —a x)
* i=1
= argmin —> ", log 5
xr
s.t. lyi—az|<e, i=1,....,m.
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Maximum likelihood

1
Uniform: 'V ~U(—c,c) fv(v) = { %
0
m
Tme € argmin — Zlog fv(yi —a x)
v i=1
= argmin —> ", log 5
xr
s.t. lyi—az|<e, i=1,....,m.
= find =z

st |ly— Azl <c

Statistical estimation
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Maximum likelihood
2¢c ’ |U| S c
Uniform: V ~U(—c,c) fv(v) = {

m
TmL € argmin — Zlog fv(ys —aj @)
x

i=1
= argmin —> ", log 5
P
s.t. lyi—az|<e, i=1,....,m.
= find =z feasibility problem (convex)

st |ly— Azl <c
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Example with a discrete RV

Y € N: # of traffic accidents in a given period

e Huk
k!

Y ~ Poisson(p) P(Y =k) = k=0,1,...

Assumption: 1 depends on vector of explanatory variables U € R" as
p=a'U+b, acR", beR

e.g., U; = traffic flow during the period, Us = rainfall, ...

Goal:
m

Given m independent observations {(U(i),Y(i))} , estimate a and b.

i=1

Statistical estimation 4-7
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Example with a discrete RV

—(aTutb) (T .
Joint probability mass function: pyy(y,u; a,b) = = (a_u+b)?

y!

ML estimator:

m
(amL,bmi) € argmin —Zlog pyu(¥i,ui5 a,b)
a,b i—1

Statistical estimation
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Example with a discrete RV

T
e—(a utbd) (aTqub)y
y!

Joint probability mass function: pyy(y,u; a,b) =
ML estimator:

(amL,bmi) € argmin —Zlog pyu(¥i,ui5 a,b)
a,b i=1
e—(aTu®4b) @ 4 ™
= argmm Zlog (? u® +b)
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Example with a discrete RV

T
e—(a utbd) (aTqub)y

Joint probability mass function: pyy(y,u; a,b) = 1

ML estimator:

m
(amL,bmi) € argmin —Zlog pyu(¥i,ui5 a,b)
a,b

i=1
m *(aTu(i>+b)( T y@
. e a'u'" +b)
= argmin — log -
a,b ; y(l) '
m
_ ; T, (@) Tou®
= argmin a u+b —ylogla'u'" +0b
a,b 72:; ( )

Statistical estimation
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Example with a discrete RV

T
e—(a utbd) (aTqub)y

Joint probability mass function: pyy(y,u; a,b) = 1

ML estimator:

m
(amL,bmi) € argmin —Zlog pyu(¥i,ui5 a,b)
a,b

i=1
lis *(aTu(i>+b)( T y@
. e a'u'" +b)
= argmin — log :
a,b ; y(l) '

m

— argmin Y a'u® +b — yPlog (aTu® +b)

b -
@ i=1  affine

Statistical estimation
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Example with a discrete RV

T
e—(a utbd) (aTqub)”

Joint probability mass function: pyy(y,u; a,b) = 1

ML estimator:

m
(amL,bmi) € argmin —Zlog pyu(¥i,ui5 a,b)
a,b

i=1
lis *(aTu(“H’)( T y@
. e a'u'" +b)
= argmin — log :
a,b ; y(l) '

m

= i Tu® 1£p — @] Tu® 1 p
arg{gnn Zau + Y og(au —|—)

i=1 f
affine convex
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Example with a discrete RV

—(aTutb) (T .
Joint probability mass function: pyy(y,u; a,b) = = y!(a u+b)®

ML estimator:

m
(amL,bmi) € argmin —Zlog pyu(¥i,ui5 a,b)
a,b

i=1
m 7(aTu(i)+b)( T,,(2) y®
. e a'u'" +b)
= argmin — E log :
w.b — Y@

m

— ; Tu® 1£p — @] Tu® 1 p
arg{Lglln Zau + Y og(au —|—)

i=1 S
affine convex

Convex
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Maximum a posteriori (MAP)

Y € R™: random vector w/ density fy(y)

X € R™: random vector to estimate no longer a parameter

prior knowledge: fx(x)
MAP estimator:

Tmap € argmax fxy(zly)
x
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Maximum a posteriori (MAP)

Y € R™: random vector w/ density fy(y)

X € R™: random vector to estimate no longer a parameter

prior knowledge: fx(x)

MAP estimator:

Imap € argmax fyy(zly) = argmax
x

z Iy (y)
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Maximum a posteriori (MAP)

Y € R™: random vector w/ density fy (y)

X € R™: random vector to estimate no longer a parameter

prior knowledge: fx(x)

MAP estimator:

Imap € argmax fyy(zly) = argmax
x

z Iy (y)

= argmax frix (ylz) fx (2)
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Maximum a posteriori (MAP)

Y € R™: random vector w/ density fy (y)

X € R™: random vector to estimate no longer a parameter

prior knowledge: fx(x)

MAP estimator:

Imap € argmax fyy(zly) = argmax
x

= argmax frix (ylz) fx (2)

arg max log (fyix (ylz) fx (x))

Statistical estimation
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Maximum a posteriori (MAP)

Y € R™: random vector w/ density fy (y)

X € R™: random vector to estimate no longer a parameter

prior knowledge: fx(x)

MAP estimator:

Imap € argmax fyy(zly) = argmax
- - fr(y)

= argmax frix (ylz) fx (2)

= argmax log (fy|X(y|9C)fX(x))

x

=argmin —log fyx(ylz) — log fx(z)

x

Statistical estimation
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Maximum a posteriori (MAP)

Example: linear measurement model

® Observations: V; =a/ X +V;, i=1

.len-Ym\X(ylv s 7ym|x)

Statistical estimation
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Maximum a posteriori (MAP)

Example: linear measurement model

e Observations: Vi =a] X+Vi, i=1,....m, & V; RV ~U(—c, c)

m
v x (W, yml2) = H fyiix (yilz)
i=1
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e Observations: Vi =a] X+Vi, i=1,....m, & V; RV ~U(—c, c)

m m
le-wYm‘X(ylw'wym'x) = HfYAX(yI‘I) = H Z/{(ay—r‘r —C, aiTerc)
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Maximum a posteriori (MAP)

Example: linear measurement model

® Observations: Y; =a/ X+V;, i=1,....m, & ViEVNZ/{(—c, c)

iy x W, YmlT) = H Ty x (Wilz) = H Z/{(a,;TI —c,a]z+ C)
i=1 i=1
® Random vector to estimate in R™: X ~ N(T, E) (known T, E)

! exp(f 1(acff)TE*l(xfTD

@) = Grprme o\ 73

Tmap € argmin  —log fy,..v,,|x (Y1, .-, Ym|z) — log fx ()
xT
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Maximum a posteriori (MAP)

Example: linear measurement model

® Observations: Y; =a/ X+V;, i=1,....m, & ViEVNZ/{(—c, c)

m m
iy x W, YmlT) = HfYAX(yi‘z) = Hu(ainU*C, G¢T$+C)
i=1 i=1

® Random vector to estimate in R™: X ~ N(T, E) (known T, E)

B 1 1 ATy-1 —
fX(x)*WeXP(*i(ﬂf*m) by ($*$)>
Tmap € argmin  —log fy,..v,,|x (Y1, .-, Ym|z) — log fx ()

= argmin i(z—-7)'S 7 (z-7)

s.t. [Az — ylls < ¢
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Example: linear measurement model

® Observations: Y; =a/ X+V;, i=1,....m, & ViEVNZ/{(—c, c)

m m
iy x W, YmlT) = ny,ﬂx(yi\x) = Hu(ainU*C, G¢T$+C)
i=1 i=1

® Random vector to estimate in R™: X ~ N(T, E) (known T, E)

1 1 T sa—1 —
fX(x):WeXP(*i(ﬂf*m) by ($*$)>
Tmap € argmin  —log fy,..v,,|x (Y1, .-, Ym|z) — log fx ()
= argmin i(z—-7)'S 7 (z-7) Convex

x

s.t. [Az — ylls < ¢
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® Observations: Y; =a/ X +V;, i=1,...,m, with
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LASSO:

® Observations: Y; =a/ X +V;, i=1,...,m, with
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® Random vector to estimate X € R™ has iid Laplacian entries £(0, b)
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Vi ¥y~ N0, 0?)

® Random vector to estimate X € R™ has iid Laplacian entries £(0, b)

~ 1 2 o2
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Maximum a posteriori (MAP)

LASSO:

® Observations: Y; =a/ X +V;, i=1,...,m, with

Vi ¥y~ N0, 0?)

® Random vector to estimate X € R™ has iid Laplacian entries £(0, b)

~ o1 2 o2
Imap € argmin ||y — Az, + =z
x 2 b
Known as basis pursuit denoising or LASSO  (Convex)
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What about estimating non-canonical distributions?

Example:

X: discrete RV taking values on 100 equidistant points in [—1, 1]
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We require
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ML and MAP allow estimating parameters of given distributions
What about estimating non-canonical distributions?

Example:

X: discrete RV taking values on 100 equidistant points in [—1, 1]

EX EX?
A
-1 0 1

We require

EX € [-0.1, 0.1] E X2 € (0.5, 0.6]
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ML and MAP allow estimating parameters of given distributions
What about estimating non-canonical distributions?

Example:
X: discrete RV taking values on 100 equidistant points in [—1, 1]

E[3X3 - 2X] EX EX?2
A
-1 0 1

We require
EX € [-0.1, 0.1] E X2 € (0.5, 0.6]
E[3X% —2X] € [-0.3, —0.2]
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Nonparametric estimation
ML and MAP allow estimating parameters of given distributions
What about estimating non-canonical distributions?

Example:
X: discrete RV taking values on 100 equidistant points in [—1, 1]

E[3X3 —2X] EX EX?2
A

- lp(x <10)
We require
EX € [-0.1, 0.1] E X2 € (0.5, 0.6]
E[3X% —2X] € [-0.3, —0.2]
P(X <0) €[0.3,0.4]
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Nonparametric estimation
ML and MAP allow estimating parameters of given distributions
What about estimating non-canonical distributions?

Example:
X: discrete RV taking values on 100 equidistant points in [—1, 1]

E[3X3 —2X] EX EX?2
A

- lp(x <10)
We require
EX € [-0.1, 0.1] E X2 € (0.5, 0.6]
E[3X% —2X] € [-0.3, —0.2]
P(X <0) €[0.3,0.4]

Find a distribution satisfying these constraints & with maximum entropy
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a=(-1,-0.9798,...,0.9798,1) € R values that X takes
p € R19 such that p; = P(X = ;)

p: pmf = belongs to the probability simplex

peAn::{xeR”:xZOn, III:I}

EX € [-0.1, 0.1]
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Nonparametric estimation

a=(-1,-0.9798,...,0.9798,1) € R values that X takes
p € R19 such that p; = P(X = ;)

p: pmf = belongs to the probability simplex

peAn::{xeR”:xZOn, III:I}

EX €[-0.1,01] < —01<a'p<0.1
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Nonparametric estimation

a=(-1,-0.9798,...,0.9798,1) € R values that X takes
p € R19 such that p; = P(X = ;)

p: pmf = belongs to the probability simplex

peAn::{xeR”:xZOn, III:I}

EX €[-0.1,01] < —01<a'p<0.1

E X? € [0.5, 0.6]
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Nonparametric estimation

a=(-1,-0.9798,...,0.9798,1) € R values that X takes
p € R19 such that p; = P(X = ;)

p: pmf = belongs to the probability simplex R"

peAn::{xeR”:xZOn, III:I}

EX €[-0.1,01] < —01<a'p<0.1

EX? €05 06 < 05<8 p<06 Bi = a?
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Nonparametric estimation

a=(-1,-0.9798,...,0.9798,1) € R values that X takes
p € R19 such that p; = P(X = ;)

p: pmf = belongs to the probability simplex R”
Ay
peAN, ::{IER” cx>0,, III:I}
EX €[-0.1, 0.1] —01<a’p<o.l
E X? € [0.5, 0.6] 0.5<8"p<0.6 Bi = a?

E[3X® - 2X] € [-0.3, —0.2]

<=
<
— —03<y'p<—02 5 =307 2
<~

P(X <0) €[0.3,0.4] 03<0'p<04 o; =1if i <50
o; = 0if i > 50
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Nonparametric estimation
a=(-1,-0.9798,...,0.9798,1) € R values that X takes
p € R19 such that p; = P(X = ;)

p: pmf = belongs to the probability simplex R"

peEA, ::{IER” tx>0,, III:I}
EX €[-0.1,01] < —01<a'p<0.1
EX? €05 06 < 05<8 p<06 Bi = a?
E[3X? —2X] €[-0.3, -0.2] <= —03<7'p<-02 5 =3a] -2
P(X <0)€[0.3,04] < 03<0o'p<04 o;=1ifi <50

o;=0ifi>50
All constraints are linear inequalities in p!
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Nonparametric estimation

Maximize entropy = minimize negative entropy:

n
—H(p) = pilog pi
=1

d2
Convex because — zlogz =2 >0, forallz >0
dIZ T
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Nonparametric estimation

Maximize entropy = minimize negative entropy:

n
—H(p) = pilog pi
=1

d2
Convex because — zlogz =2 >0, forallz >0
dIZ T

Optimization problem: (convex)

minimize > pilog pi

subject to —0.1<a'p<0.1
05<8Tp<0.6
—03<~y"p<—02

03<0 p<04

Statistical estimation



Nonparametric estimation

n = 100;
alpha = linspace(—-1,1,n)";
cvx_begin
variable p(n,1);
minimize( —sum( entr( p ) ) );
subject to
p>= 0;
ones(l, n)xp = 1;
—0.1 <= alpha’'xp <= 0.1;
0.5 <= (alpha.”2)'xp <= 0.6;
—0.3 <= (3*alpha.”3 — 2xalpha)’'xp <= —0.2;
0.3 <= (alpha < 0)'*xp <= 0.4;

cvx_end
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Nonparametric estimation

pi =P(X =)

0.05
0.04
0.03
0.02

0.01
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Hypothesis testing & optimal detection
X : discrete random variable w/ probability mass function (pmf) py

4 p1(z)
Xe{1,...,n}

0e{l,...,m}
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Hypothesis testing & optimal detection
X : discrete random variable w/ probability mass function (pmf) py

y pr(z) 4 p2()
Xe{1,...,n}

0e{l,...,m}
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X : discrete random variable w/ probability mass function (pmf) py

s p1(z) 4 p2(z)
Xe{1,...,n}
0e{l,...,m}
T > x
P(X=1]0=1) P(X=1|0= P(X =1[0=m)
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Xe{1,...,n}
0e{l,...,m}
T > x
P(X=1]0=1) P(X=1|0= P(X =1[0=m)
P(X=2|6=1 P(X =2|6= P(X=2|0=m
L [per=210=1) 6=2) (X =2 -
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Hypothesis testing & optimal detection

X : discrete random variable w/ probability mass function (pmf) py

s p1(z) 4 p2(z)
Xe{1,...,n}
0e{l,...,m}
T Tz
P(X=1|0=1) P(X=1|0= P(X =1|6=m)
P(X=2|0=1 P(X =2|6= P(X=2|0=m
L | =210=1) 10-2 (X =2| -
P(X=n|l0=1) P(X=n|0=2) P(X =n|0=m)

Goal: Estimate 6 based on an observation of X
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Detector: U : {1,...,n} — {1,...,m}
X 0

Example: maximum likelihood detector

O = Uy (z) = argmax P(X =z |60 = j)
J
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Detector: U : {1,...,n} — {1,...,m}
X 0
Example: maximum likelihood detector
§ML = Uy (z) = arg max IP’(X =z|0 :j)

J

Randomized detector: Random variable § whose pmf depends on X
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Detector: U : {1,...,n} — {1,...,m}
X 0

Example: maximum likelihood detector

O = Uy (z) = argmax P(X =z |60 = j)
J

Randomized detector: Random variable § whose pmf depends on X

A
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Detector: U : {1,...,n} — {1,...,m}
X 0

Example: maximum likelihood detector

O = Uy (z) = argmax P(X =z |60 = j)
J

Randomized detector: Random variable § whose pmf depends on X

PO=1|X=1) POH=1|X=2) PO =1|X =n)
5: = /9\2 = é\: =

T ( \ 1) P 2_\X 2) I( 2.|X ) p—
PO=m|X=1) PO@=m|X=2) - P@=m|X=n)

Each column t; € R™ satisfies 1,)¢; =1,¢ >0

Statistical estimation



Detector: U : {1,...,n} — {1,...,m}
X 0

Example: maximum likelihood detector

O = Uy (z) = argmax P(X =z |60 = j)
J

Randomized detector: Random variable § whose pmf depends on X

PO=1|X=1) PO=1|X=2) PO =1|X =n)
5: = /9\2 = é\: =

T ( \ 1) P 2_\X 2) I( 2.|X )eRmX”
PO=m|X=1) PO@=m|X=2) - P@=m|X=n)

Each column t; € R™ satisfies 1,)¢; =1,¢ >0

If each t; is a canonical vector (0,...,1,...,0), then T is deterministic
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Detection probability matrix:

n

D:=TpP¢eRm™*™

Dij=> PH=i|X=k)-P(X=k|0

k=1
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Detection probability matrix: D :=TP e R™*™
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Detection probability matrix: D :=TP e R™*™

Goal: Design T such that the D;;'s, for i # j, are as small as possible
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Detection probability matrix: D :=TP e R™*™

Goal: Design T such that the D;;'s, for i # j, are as small as possible

Multi-objective optimization
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Minimax detector

Note that
PO#£jl0=5)=1-P@H=j]6=

Minimax detector:
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Minimax detector

Note that

PO#£j|0=5)=1-P@=jl0=j)=1-

Minimax detector:
minimize max 1—D;:(T
TeERMXn j:’L ____ m ‘7‘]( )
subjectto T'1,,=1,, T >0
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Minimax detector

Note that

PO #710=j) =1~

Minimax detector:

minimize
TGR’V”X’H
subject to
minimize
TER‘NLX‘VL
subject to

Statistical estimation

PO=jl0=75)=1-

max
J=1,..., m

T'1,,=1,, T>0

1—=Dy;(T)

‘max 1-— tr(TP ejejT)

j=i,...,m

T'1,,=1,, T>0



Minimax detector

Note that

PO #710=j) =1~

Minimax detector:

minimize
TGR’V”X’H
subject to
minimize
TER‘NLX‘VL
subject to

Statistical estimation

PO=jl0=75)=1-

max
J=1,..., m

T'1,,=1,, T>0

1—=Dy;(T)

‘max 1-— tr(TP ejejT)

j=i,...,m

T'1,,=1,, T>0

Convex
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Pareto-optimal detectors
Recall that we want to minimize all D;; = P(@: 1|0 = j), for i # j

Scalarization: Fix W e R™*™ w/ W;; =0, and W;; >0 fori #j
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Pareto-optimal detectors
Recall that we want to minimize all D;; = ]P’(a: 1|0 = j), for i # j
Scalarization: Fix W e R™*™ w/ W;; =0, and W;; >0 fori #j
minimize Z Z Wi;D;;(T')

i=1 j=1
subject to T71,, = 1,, T>0
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Pareto-optimal detectors
Recall that we want to minimize all D;; = ]P’(a: 1|0 = j), for i # j

Scalarization: Fix W e R™*™ w/ W;; =0, and W;; >0 fori #j

minimize z; E:I Wi;D;;(T')
=1 j=

subject to T71,, = 1,, T>0

By varying W we can find Pareto optimal solutions
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Pareto-optimal detectors
Recall that we want to minimize all D;; = ]P’(a: 1|0 = j), for i # j
Scalarization: Fix W e R™*™ w/ W;; =0, and W;; >0 fori #j
minimize Z Z Wi;D;;(T')

i=1 j=1
subject to T71,, = 1,, T>0

By varying W we can find Pareto optimal solutions

Observations:
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Recall that we want to minimize all D;; = ]P’(a: 1|0 = j), for i # j
Scalarization: Fix W e R™*™ w/ W;; =0, and W;; >0 fori #j
minimize Z Z Wi;D;;(T')

i=1 j=1
subject to T71,, = 1,, T>0

By varying W we can find Pareto optimal solutions
Observations:

® Constraints <= 1;;&- =1,t>0, fori=1,...,n
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Recall that we want to minimize all D;; = ]P’(a: 1|0 = j), for i # j

Scalarization: Fix W e R™*™ w/ W;; =0, and W;; >0 fori #j

mlnljrplze Z Z Wi;D;;(T')
i=1 j=1
subject to T71,, = 1,, T>0

By varying W we can find Pareto optimal solutions

Observations:

e Constraints <= 11t =1, >0, fori=1,...

m

* Objective <= tr(W'TP)
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Pareto-optimal detectors

Recall that we want to minimize all D;; = ]P’(a: 1|0 = j), for i # j

Scalarization: Fix W e R™*™ w/ W;; =0, and W;; >0 fori #j

mlnljrplze Z Z Wi;D;;(T')
i=1 j=1
subject to T71,, = 1,, T>0

By varying W we can find Pareto optimal solutions

Observations:

e Constraints <= 11t =1, >0, fori=1,...

m

* Objective <= tr(WTTP)=tr(WPT)TT)
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Pareto-optimal detectors
Recall that we want to minimize all D;; = ]P’(a: 1|0 = j), for i # j
Scalarization: Fix W e R™*™ w/ W;; =0, and W;; >0 fori #j
minijrpize ; ; Wi;D;;(T')
subjectto T'1,,=1,, T>0
By varying W we can find Pareto optimal solutions
Observations:
e Constraints <= 1;;&- =1,t>0, fori=1,...,n
® Objective <= tr(W'TP)=tr(WP")'T)=%" ¢/t;
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Pareto-optimal detectors
Recall that we want to minimize all D;; = ]P’(a: 1|0 = j), for i # j
Scalarization: Fix W e R™*™ w/ W;; =0, and W;; >0 fori #j
minijrpize ; ; Wi;D;;(T')
subjectto T'1,,=1,, T>0
By varying W we can find Pareto optimal solutions
Observations:
e Constraints <= 1;;&- =1,t>0, fori=1,...,n
® Objective <= tr(W'TP)=tr(WP")'T)=%" ¢/t;

where ¢;: ith column of C := WPT
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Pareto-optimal detectors

minijmize i i Wi D (T)

subject to T71,, = 1,, T>0

= minimize St
Lyeeesln
subject to 1)t; =1, t; >0, i=

N

Decouples into n independent optimization problems: for column ¢,

minimize ¢ t;

i

subject to 1,—;ti =1, t;, >0

tr=1(0,...,1,...,0) = T is deterministic

Statistical estimation
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X is generated by either p; (0 =1) or py (0 = 2)

P(X=1]=1) P(X=1|0
P(X=2[0=1) P(X=2|0
P= . _
P(X =n|6=1) P(X=nl0
- PO=1|X=1) PO=1|X
PO=2|X=1) PO=2|X
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Pareto-optimal detectors:

Select W € R2%2, set C = WPT, and column i of Tpg solves

minimize ¢, t;

7

subjectto 1gt; =1, t; >0

(¢;: column i of C)

C 0 W12 P(X=1|9:1) P(X:TllH:l
War 0 | |[P(X=1]0=2) P(X =nl|6=2)
Therefore,

c?ti:tlinE”( —Z|9—2)+t21W21]P)( —Z|9: )
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o If WP(X=i|l0=2)<WuP(X=4i|0=1),
(t1;, t5;) = (1, 0) = aPo =1

o If WpP(X=il0=2)>WyP(X=i|l0=1),
(1, t3;) = (0, 1) — é\Po:Q

This is the likelihood-ratio test: Decide 6 =2 if

P(X =i|0=2) >W217
PX=il0=1) = Wip

Neyman-Pearson lemma:
For each « > 0, the likelihood-ratio test yields a (deterministic)

Pareto-optimal detector.

Statistical estimation



Deterministic vs randomized detectors

0.70 0.10
0.20 0.10
0.05 0.70
0.05 0.10

Statistical estimation 4-26



Deterministic vs randomized detectors

0.70 0.10
0.20 0.10
0.05 0.70
0.05 0.10

Varying « yields 3 different Pareto-optimal detectors (excl. extremes):

Statistical estimation 4-26



Deterministic vs randomized detectors

0.70 0.10
0.20 0.10
0.05 0.70
0.05 0.10

Varying « yields 3 different Pareto-optimal detectors (excl. extremes):

1 000 @) 3) 1 10 1
Tpo = Teg =
0 1 1 1 0 0 1 1 0 0 1 0

Statistical estimation 4-26



Deterministic vs randomized detectors

0.70 0.10
0.20 0.10
0.05 0.70
0.05 0.10

Varying « yields 3 different Pareto-optimal detectors (excl. extremes):

1 0 0 O 1 0 1 1 0 1
(1) _ () _ (3) _
Tpo = Tpo = Tpo =
01 1 1 0 0 1 0 0 1 0
Minimax detector (random):
1 2/3 0 0

Tm =
0 1/3 1 1
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Deterministic vs randomized detectors

Receiver operating characteristic (ROC)

1

0.8 |

0.2r

Minimax estimator has (P, Pin) = (%, ) and outperforms any

[N

3

[N

deterministic estimator
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Conclusions

® QOptimization problems arise in many areas

® Essential to distinguish easy (convex) from hard (nonconvex) probs
® Use CVX/CVXPY /Convex for small-scale problems

® Didn't cover optimality conditions & theory

® Didn't cover optimization algorithms

® Statistical estimation:
Find parameters of distributions (ML/MAP)

Entire distributions (nonparametric)

® Multiple hypothesis testing via optimization
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