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Abstract—Traditional spatial sparse techniques for DoA esti-
mation are implemented by full arrays. However in practice, it is
desirable to use as few sensors as possible to reduce the cost for
manufacturing the array or to counter against sensor failure. As
a result, joint optimisation of sparse array and spatial sparsity
becomes an ideal alternative. In most of existing methods, these
two kinds of sparsity are studied separately. This paper proposes
a joint model which achieves source detection in a subset of
space using partial array sensors. The core idea is to use the
weight coefficients obtained in sparse array optimisation to scale
the model for the sparse reconstruction based DoA estimation.
Compressive sensing based optimisation is used for both steps.
The numerical results of DoA estimation for both stationary
source and moving source are used to demonstrate the feasibility
of this joint model.

I. INTRODUCTION

An acoustic array system, which is a collection of acoustic
transducers operating through array signal processing tech-
niques, has been used in many areas, such as non-destructive
evaluation, underwater detection and machine diagnosis. In
these applications, Direction of Arrival (DoA) estimation from
the array output is an important issue in source localisation and
separation [1].

Classically, DoA estimation is addressed by methods, such
as Capon beamformer, high-resolution and multiple signal
classification (MUSIC) algorithm [2] [3] [4]. Recently, spa-
tial sparsity motivated techniques, which aim at extract-
ing meaningful lower-dimensional representations from high-
dimensional data, have attracted wide interests in DoA esti-
mation, since it drastically improves system performance on
data storage and transmission [5]. Compressive sensing (CS)
based sparse reconstruction [6], which is a popular solution
to sparse representation, has been used for DoA estimation
in [7], where the activity of source is assumed to be sparse
and the sparsity is enforced by a constraint based on l1 norm
of a vector of the coefficients corresponding to the source
activities in the spatial domain [7]. A sequential algorithm
has been developed recently in [8] [9], where continuous DoA
estimation is obtained from the array observation in an on-line
manner, based on the least absolute shrinkage and selection
operator (LASSO).

In the techniques discussed above, a full array is used and
the adjacent sensor separation is often assumed to be no larger
than half of the wavelength of the signal [10]. In practice,

however it is desirable to use as few sensors as possible to
reduce the cost for array design and manufacturing or to ad-
dress the problem of sensor failure in the sense that the weight
coefficients corresponding to the remaining working sensors
can be re-configured with the sparse optimisation techniques.
As a result, the idea of the sparse array was proposed as an
alternative [11], where the CS techniques can also be used
[12] by limiting the number of non-zero elements (l0 norm)
of the weighting parameters. Alternatively, the method can be
more efficiently addressed as a minimisation of the l1 norm
of the weighting coefficients as in [13].

Spatial sparsity and array sparsity have been exploited
separately in most existing methods discussed above. In [14],
however, these two types of sparsity have been considered,
where the direct data covariance (DDC) matrix is used to form
a virtual array model with an extended aperture. Then two
methods addressing the LASSO problem with this array model
are presented. The DDC matrix instead of omni-directional
steering vector is used to obtain the desired signal with the
sparse array. However, the sparsity of the linear array was
manually set in their experiments.

In this paper, we propose a new joint model to exploit
sparsity in both array and source space where a CS based two-
step iterative process is used. Through this joint model we are
able to calculate the weight coefficients for each sensor, which
are then used in a sequential sparse reconstruction algorithm
to estimate the DoAs. Combining spatial sparsity and the
sparse array optimisation enables DoA estimation in a lower-
dimensional space and at the same time using as few sensors
as possible.

This article is organised as follows. In Section II, the
background about the sparse array and the spatial sparse
representation is presented. The proposed algorithm is pre-
sented in Section III. In Section IV, numerical results on a
stationary source, a moving source and noise added sources
are presented. Finally, the conclusion is given in Section V.

II. BACKGROUND

A. Array Model

We assume that a narrowband linear array is used, and each
array element has an unitary sensitivity. In addition, source
signals can only arrive in one half of the plane and the array
is expected to have a perfect baffle, which means the arrival
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directions are from -90 degree to +90 degree along the plane
of the array elements, and 0 degree is the normal to the line
of the array.

As in [15], the observed sensor signal at each time step k is
denoted as y𝑘 = (𝑦𝑘1, 𝑦𝑘2, ⋅ ⋅ ⋅ , 𝑦𝑘𝑁 ), where N is the number
of sensors. At each time step, there is a vector reflecting
possible angles for the DoA x𝑘 = (𝑥𝑘1, 𝑥𝑘2, ⋅ ⋅ ⋅ , 𝑥𝑘𝑀 ), where
M is the number of potential source directions.

A matrix A is created by sampling all possible directions
of arrivals (DoAs). The size of A is N ×M where N ≪ M .
The nm-th element of A is defined by

Anm =
1√
𝑁

𝑒𝑥𝑝 [−𝑗2𝜋𝜇𝑛 sin 𝜃𝑚] (1)

where 𝜇𝑛 =
𝑑𝑛
𝑐𝑇𝑠

with temporal sampling period 𝑇𝑠 for n =

1, 2, ⋅ ⋅ ⋅ ,N , 𝑑𝑛 denotes the distance between the n-th sensor
and the middle sensor, 𝑐 is the speed of wave propagation, and
𝜃𝑚 = 𝜋𝑚

𝑀 − 𝜋/2 is the DoA of the m-th hypothetical source
to the n-th sensor in the array.

For each vector x𝑘, there are M source directions corre-
sponding to the columns of A, leading to the array model

y𝑘 = Ax𝑘 + n𝑘 (2)

where n𝑘 is random noise. Here we consider isotropic noise
in the assumed half plane as used in our experiments.

B. CS-Based Sparse Array

Following [13], the CS based sparse narrowband array
problem can be formulated as a minimisation of the l1 norm
of the weight coefficients, as follows,

min ∥w∥1
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∥f −w𝐻A∥2 ≤ 𝛼 (3)

where w ∈ ℂ
𝑁 is the coefficient vector of the array, f ∈

ℂ
𝑀 is the vector holding the desired beam response at the

sampled angular points 𝜃𝑚 for the frequency of interest Ω,
m = 1, 2, ⋅ ⋅ ⋅ ,M , 𝛼 ∈ ℜ+ is the constraint to define how
much the designed response is similar to the desired response,
(⋅)𝐻 is a Hermitian operator, ∥ ⋅ ∥1 and ∥ ⋅ ∥2 are respectively
the l1 and l2 norm of their arguments.

In detail, f is defined by

f = [f (Ω, 𝜃1), f (Ω, 𝜃2), ⋅ ⋅ ⋅ , f (Ω, 𝜃M )] (4)

where f (Ω, 𝜃) is a desired response at the direction 𝜃.

C. Spatial Sparse Reconstruction Using LASSO

Assuming a full array is used, the DoA estimation problem
can be cast as a sparse reconstruction problem. This can be
achieved by dividing the source space into multiple ranges
of possible directions, with each range assigned a weight
to indicate the activity of the source in that rangle. To find
the DoA of the source, the weights corresponding to each
range need to be found. This can be achieved by e.g. using a
sequential Bayesian technique based on the LASSO function,

as in [8], [9], assuming that the number of active sources is
small as compared to the total number of ranges of possible
directions.

For the signal y𝑘 at time k and source activation vector x𝑘,
the cost function to be minimised is given as follows,

argmin
x𝑘

∥y𝑘 −Ax𝑘∥22 + 𝜇∥Dx𝑘∥1 (5)

with
D = 𝜎2V (6)

V = 𝑑𝑖𝑎𝑔(v) (7)

where D and V are matrices holding the coefficients vector
v = (v1, v2, . . . , vM)𝑇 , which corresponds to the source
activity in the source space, 𝜇 is a regularization parameter,
and 𝜎2 is the noise variance.

As for sequential estimation, the result at the (k+1)-th time
step should be calculated by the signal at the k -th time step.
This is achieved based on the relationship between v𝑚[𝑘] and
v𝑚[𝑘 + 1].

In the neighbourhood of an active source defined by a
threshold l [9], the predicted weights v𝑚[𝑘+1] are calculated
as below:

(v𝑚[𝑘 + 1])
2
=

⎛
⎝ 𝑙∑

𝑗=−𝑙

𝛼𝑗

(v𝑚+𝑗 [𝑘])
2

⎞
⎠

−1

(8)

with non-negative coefficients 𝛼𝑗 ,
∑

𝑗 𝛼𝑗 = 1 and the weights
in v are bounded by 1. In practice, a small threshold e.g. 100×
2−52 is used to prevent the value of v𝑚+𝑗 [𝑘] from approaching
zero in order to avoid invalid division.

When the estimation is out of the neighbourhood of the
active source, the weight prediction is replaced by:

v𝑚[𝑘 + 1] = v𝑚[𝑘] + 𝑐v0 (9)

where v0 and c are defined empirically [9].

III. JOINT SPARSITY BASED METHOD

The proposed method consists of two main steps. With the
input of a given beam, the first step is to implement the CS-
based sparse array algorithm through the cost function (3) to
obtain a series of sparse sensor weight coefficients. The second
step is to plug the estimated weight coefficients into the cost
function (5), as a scaling factor for y𝑘.

For the CS-based sparse array optimisation with the cost
function (3), as the vector weight coefficients w are complex
numbers, i.e. w = wR +wI 𝑖, to achieve sparse solutions, the
𝑙1 norm should be modified as

min ∥w𝑅∥1 + ∥w𝐼∥1
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∥f − (w𝑅 +w𝐼 𝑖)

𝐻
A∥2 ≤ 𝛼 (10)

where f is the input vector holding the desired beam response
at source directions and 𝛼 is a constraint controlling the fitting
error [13].



After obtaining the estimated w, the LASSO function (5)
is then modified as

argmin
x𝑘,v𝑚

∥Wy𝑘 −Ax𝑘∥22 + 𝜇∥Dx𝑘∥1 (11)

where W is defined as

W =

⎛
⎝ ∣w1∣

⋅ ⋅ ⋅
∣w𝑁 ∣

⎞
⎠ (12)

Both cost functions (10) and (11) are optimised by the CVX
toolbox in Matlab [16].

The above two steps are iterated in an alternating manner.
The input beam response f can be initialised randomly. The
joint model is able to estimate the correct DoA estimation after
a few iterations as follows,

1. Set k = 1 and create an initial beam response as input f
of (10), corresponding to a randomly selected direction.

2. Implement two-step optimisation and obtain the possible
angles x𝑘 by solving (11).

3. Replace f by (Ax𝑘)
𝐻A, and set k = k+1.

4. Repeat stages 2 to 3 until k reaches the predefined
maximum time step K .

IV. NUMERICAL RESULTS

In this section, the performance of the proposed method is
investigated for narrowband DoA estimation through a sparse
linear array. All the experiments are based on simulated data,
including a stationary source at 40 degree and a moving source
starting from 0 degree, turning to 48, -48.5, 57, 52, 57, -57.5,
57 degrees, ending at 13.5 degree. Here we assume the source
angle is changing at a constant range, hence no Doppler shift
is considered in this paper.

The underwater speed of sound used in this model is
assumed to be 1500 m/s, and the frequency of the sources
is 200 Hz. In the noisy case, the level of noise in terms of
Signal to Noise Ratio (SNR) is 20 dB. A grid of 100 potential
sensors are used.

For the stationary source estimation, the inter-sensor spacing
is 0.1𝜆 (𝜆 is the wavelength) and the maximum running step
is K = 20. For the moving source estimation, the inter-sensor
spacing is 0.05𝜆 and the maximum running step is K = 100.
Experiments show that the sensor separation should be small
enough with respect to the scale of the array and running
time. It was observed that the number of steps chosen for
the stationary and moving source cases was large enough for
the proposed algorithm to converge. The constraint value of
𝛼 used in (10) is 0.3, which controls how close the designed
response is to the desired response.

In order to measure the accuracy of DoA estimation, we
define the performance metrics of Mean Square Error (MSE)
and Standard Error (SE) according to functions (10) and (11)
as follows,

MSE = 20𝑙𝑜𝑔10

(∥f −w𝐻A∥22
𝑀

)
𝑑𝐵 (13)

SE =

√(∥y𝐻
𝑘 A− (Ax𝑘)𝐻A∥22

𝑀

)
𝑑𝑒𝑔𝑟𝑒𝑒 (14)
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Fig. 1. The desired response f given in initialisation and the designed response
w𝐻A obtained by the first step of the proposed two-step method for the
stationary source without noise.
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Fig. 2. DoAs estimated ((Ax𝑘)
𝐻A) for the stationary source without noise,

at 40 degree.

where M is the number of potential source directions. Both
MSE and SE are calculated in each time step (the total
time step is K ) and the average values are calculated for
each performance metric. We distinguish MSE in decibel and
SE in degree because decibel is often used for presenting
the difference in beam response while degree is used for
measuring the DoA directions.

A. Stationary Source

The input beam response of the sparse array is initialised
at 20 degree (intentionally set to be different from the ground
truth of the source direction). It was observed in our experi-
ments that 36 of 100 sensors become active in this case. The
weight coefficients become stable after 20 time steps. Figure
1 illustrates the simulation between desired signal (the red
dashed line) and designed signal (the blue line), where the
desired response corresponds to f given in initialisation and
designed response corresponds to w𝐻A obtained by the first
iteration of the proposed two-step method. The simulation
shows the designed response matches well with the initial
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Fig. 3. DoAs estimated ((Ax𝑘)
𝐻A) for the moving source without noise.

desired response. The mean square error (MSE) defined by
(13) between two responses is -66.7 dB.

With the result of the sparse array optimisation, the weight
coefficients are then used to scale yk in the LASSO problem
(11), which is used to find spatial sparse representation x𝑘.

In Figure 2, the source DoA at 40 degrees can be clearly
observed through the beamforming of ((Ax𝑘)

𝐻A). The stan-
dard error (SE) defined by (14) between the estimated DoA
((Ax𝑘)

𝐻A) and the target DoA (y𝐻
𝑘 A) is 0.49 degrees,

demonstrating a satisfatory performance of the joint method.

We should note that even though in the sparse array op-
timisation step, the sensors were selected based on the DoA
initialised to an angle, e.g. 20 degree, which is different from
the ground truth, the second step of the proposed algorithm
is able to find the correct DoA based on the selected subset
of the sensors. This is also the case observed in the moving
source scenario, as discussed next.

B. Moving Source

For the moving source, the first input beam response of
the sparse array is also initialised at 20 degree, then the
source DoA estimated at time k is given as the input to the
sparse array optimisation at time k +1. The optimised weight
coefficients in sparse array changes in each time step. It was
found that the average number of active sensors selected by
the sparse array optimisation is 22 (note the total number of
sensors is 100). The mean value of the MSE between the
desired signal f and designed signal w𝐻A is -70.6 dB for all
the time steps.

Figure 3 shows the DoA estimates (in terms of (Ax𝑘)
𝐻A)

with respect to the time steps. The SE between the estimated
DoA ((Ax𝑘)

𝐻A) and the target DoA (y𝐻
𝑘 A) is 0.27 degrees.

Each turning point of the source can be seen clearly in this
figure despite the existence of some estimation noise. We
believe that the estimation noise can be further reduced with
more time steps.
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Fig. 4. The mean value of desired response f given in continuous k time
steps and the mean value of designed response w𝐻A obtained by the first
step of the proposed two-step method for stationary source with noise (SNR
= 20 dB).
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Fig. 5. DoAs estimated ((Ax𝑘)
𝐻A) for the stationary source with noise

(SNR = 20 dB), at 40 degree.

N𝑡ℎ Weights N𝑡ℎ Weights
6 3.1652 51 3.1769
7 0.9644 52 1.1229
16 0.2658 67 0.3500
17 0.4516 68 1.6212
18 0.8040 71 0.2090
29 0.2799 81 0.9776
33 2.2697 82 2.2576
34 0.3991 94 0.7304
40 0.3540 95 1.9352

TABLE I
WEIGHT COEFFICIENTS OF ARRAY FOR MOVING SOURCE WITH NOISE

(SNR = 20 dB) AT TIME STEP OF 3.

C. Signals with Random Noise

This section evaluates how the algorithm performs when the
observed signals are noisy. To this end, noise at the level of
SNR = 20 dB, which is isotropic around the half space and
follows the i.i.d Gaussian distribution with zero mean and unit
variance, is added to the observed signals. The initial input
beam response is set the same as previous sections. It was
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Fig. 6. DoAs estimated ((Ax𝑘)
𝐻A) for the moving source with noise (SNR

= 20 dB).

observed that, 22 active sensors were selected by the sparse
array optimisation algorithm for the moving source, which was
smaller than the 37 active sensors in the stationary case. The
coefficients for optimised array change continuously due to
the noise. Table I is an example of the weight coefficients for
the active sensors at time step k = 3 for the moving source
example.

For the stationary source with added noise, the comparison
between the mean value of the desired response f given in
continuous k time steps and the mean value of the designed
response w𝐻A obtained by the first step of the proposed two-
step method is shown in Figure 4. The mean value is calculated
because there are small fluctuations at each time step due to the
existing noise. The MSE between two responses is -70.7 dB.
For the moving source with noise, the mean value of MSE is
-71.4 dB, which is similar to the MSE result of moving source
without noise.

Figures 5 and 6 show the DoA results for the stationary
source and the moving source respectively. It can be observed
that in both cases, the sources are still well tracked. However,
the estimates are more noisy, and the SE between the estimated
DoA ((Ax𝑘)

𝐻A) and the target DoA (y𝐻
𝑘 A) becomes 0.55

degrees for the stationary source case and 0.31 degrees for the
moving source case respectively.

V. CONCLUSION

A new method has been presented to exploit the joint
sparsity in array design and source localisation. The method
is operated in a two-step iterative process, of which the first
step is to find the sensors to be used from the array and
the second step is to perform source localisation with the
LASSO algorithm with the selected sensors. The two steps are
iterated in an alternating manner. The algorithm can start with
a random guess of the DoA of the source when performing
the optimisation for the sparse array, but eventually find the
DoA of the source with the sparse reconstruction algorithm.
The results evaluated for both stationary source and moving
source show good performance of the proposed method. For

the future work, we will extend the array from the narrowband
to the wideband, as well as to a large scale.
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